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Abstract

A function f from a subset of R™ to R is continuous at the origin, if and only if
limy—,0+ f(s(t)) = f(0) for all continuous paths s with lim; g4 s(¢) = 0. The continuity of
f can, however, be characterized by a much smaller class of paths. We show that the class
of all paths fulfilling lim;—+ s(t) = 0, s € [C*°(]0, a[)]", and sup,c g 4 [s(®)[ll[s"(£)[| < +o00
is sufficient. Further, given any sequences (xj)ren and (yx)reny in R™ \ {0}, such that
limg 100Xk = 0, Xi -y > 0, and ||yx|| = 1 for all k& € N, we show that there exist a path
of this class, such that s(||xx||) = x; and s'(||x¢||) = y& for an infinite number of k € N.

Background

These results were derived by the author several years ago, in an unsuccessful attempt to work
out the details of Theorem 3.2 in [§], a theorem that claims the existence of smooth Lyapunov
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functions for uniforml, asymptotically stable, closed, invariant sets. This claim had actually
been proved earlier as Theorem 14* in [5], but the proof is hard to read. Based on Massera’s
ideas, in a slightly more general context, a proof of this theorem is worked out in details in [4].

Other parts of the proof of Theorem 3.2 in [8] had already been clarified in [6], but some
arguments there were not comprehensible to the author. The proof in [§] and the arguments
by [6] eventually turned out to be incorrect, as shown by a counterexample on page 5 in [I].
The attempt to work out the details was thus doomed to fail. The lemmas in this paper were
intended as auxiliary results in this attempt and are published here in the hope that they might
be useful for someone else in a different context.

We denote by || - || the euclidian norm on R™, by N the set of the integers larger than zero, and
by x -y the scalar product of x,y € R™.

Results

Make the following observation: The continuity of a function f : R” — R at a point y can be
characterized through sequences. That is, f is continuous at y, if and only if for every sequence
(Xk)ken With x; — y we have f(x;z) — f(y). Obviously “every sequence” can be mollified
somewhat without affecting the results, e.g. to every sequence (xj)en fulfilling ||x; —y|| < 1/k
or, less obviously, for a fixed ¢ > 0, every sequence (xj)reny C Cy of every right circular cone
Cy with the vertex at y and ¢ as the aperture (opening angle). The second claim can be proved
almost identically to Lemma 2 below.

To show the continuity of f at y one can alternatively consider continuous paths s : 0, a, [— R™,
a > 0, such that lim;_,o4 s(t) = y. Then clearly f is continuous, if and only if lim; o, f(s(t)) =
f(y) for all such paths. Just as in the case of sequences the condition “every continu-
ous path” can be mollified. We mollify it to all paths s € C*(]0,a[), a > 0, such that
SUPejo.qf 1S(E)[|[|8'(£)]] < oo in the next three lemmas. We assume, without loss of generality,
that f(y) =0 and y = 0.

Before we prove the results claimed in the abstract we first prove a simple lemma.

Lemma 1 Let m € N, m > 2, and let —oco < t1 < ty < ... < t,,, < +00. Assume that the
function p : R — R" is continuous and affine on every interval [t;,t;41], 1 = 1,2,...,m — 1,
i.e. there are vectors a;,b; € R", i =1,2,...,m — 1, such that

p(t) :==ait+b;, if t; <t <ty

!The use of “uniformely” is unusual in this context and does not reefer to uniform in time, as has become
widely accepted terminology, but to asymptotically stable in the sense of Lyapunov, cf. e.g. [3, [7].



Then, for every nonnegative function p € C*(R), such that [, p(t)dr = 1 and 7+ p(t — T)
has compact support in [t1,t,], we have

d

& [ ot =mpriar| < Y .

PROOF:
By partial integration

d d [ = [t
& [ ot =rmiir =& [ ot = nipyir =3 [ e - mar + biar
dt Jg dt J,, — i,
m—1 tist tiv1
— (—p(t —7)(a;7 +b;) ot / p(t — T)aidT) :
i=1 T=h ti
Because p is continuous we have a;t; +b; = a;.1t; + b, forall i =1,2,...,m —1 and because

T+ p(t — 7) has compact support in [ty,t,] we have p(t —t1) = p(t — t,,) = 0. Therefore
d m—1 tiv1 m—1
G Lot =i <Y lal [t - riar <3 il
i=1 ti i=1

Lemma 2 Let (Xj)ren and (yi)ren be sequences in R™ \ {0} with the properties that:

a) limg_, o xx = 0.
b) |lykl| =1 for every k € N.

¢) xXg - yr >0 for every k € N.
Then there ezists a path s :]0,a[— R™, a > 0, with the following properties:
i) s € [C*>(]0,al)]™.
ii) limy_,o, s(t) = 0.
i) sup;e o qf (6 [ [I8"()[] < +-o0.

iv) The set {k € N : s(||xx||) = xx and s'(||xx||) = yx} has an infinite number of elements.



PROOF:
Set X := {x;. : k € N}. Obviously X contains an infinite number of elements. For all z € R"
with ||z]| = 1 we define

”
Ky, =dxeR": ||x—rz| <— forsomer >0;.
{ I | V3 }
Then IC, is a right circular cone with the vertex at the origin and the opening angle at the
vertex is /3.

There is a finite number IC,,, Ky, . .., Ky, of such sets, such that
{xeR": x| <1} c|JKa.
i=1

To see this let the set 8" := {x € R" : ||x|| = 1} be equipped with its usual topology (see, for
example, Section 8-8 in [2]). For every ||z|| = 1 define O, to be the interior of £, N S™ in the
S" topology. Because 8™ is compact, a finite number of the O, s, say O,,, O,,, ..., O, , suffice
to cover S™. But then, because K,, = |, 57Oy, the sets IC,,, ICy,, ..., Ky, cover R”. Hence,
there is at least one z* such that X N K,- contains an infinite number of elements.

Define the sets

1 1
Ko i =X EKy 1 —— < ||x|| < =
v g < <
for all & € N. Then at least one of the sets X N|J; =5 Kye 2 or N U5 Ky 251 contains an infinite
number of elements. Without loss of generality we assume that X' N U,j:’l Ko+ 2k is infinite. The
rest of the proof would be almost identical under the alternative assumption.

We construct sequences (a;);en and (b;)seny in Ky in the following way: For every k € N
consider the intersection X N Ky« 9. If it is not empty there is an 7 € N such that x; from the
sequence (X;);en is in Ky« 9 and in this case we set a; := x; and by := y;. If the intersection
is empty we set a; equal to an arbitrary element of Ky« o and set by := a;/||a;||. By this
construction there are infinitely many ¢ and &k in N such that ay = x; and b, = y;.

We now have everything we need to construct the claimed path s. We start by constructing a
piecewise affine path s € C(]0, ||a,||]) and then smooth it to get s.

For every k € N we define for m = 0, 1,2 the constants t; ,,, by

o = el = 2 (1 !
R R\ 9k £1 0 2k+2 )



By the construction of the sequence (ay)geny we have 0 < tj110 < tpo < tp1 <ty forall k € N.
We define s for every k € N on the interval |t410, tx0] by

g(t) = agy1 + (t — tk+1,0)bk+1 for all t € ]tk+170, tk,g],

)ak — a1+ (tkr — teo)br — (th2 — tht1.0)bria

S(t) == apq1 + (te2 — thr1,0)brgr + (t =t
b1 — Tk 2

for all ¢ €tg o, tx 1], and

g(t) = ag + (t — tk,0>bk forall t € ]th, tk,O]-

Then
s(|lakl]) =s(tko) = ar and §'(||ak]|) :§/(tk,0) =b, forall £k € N. (1)

Further, S is continuous on ]0, ¢ o] and smooth, except at the points t = ¢ ; and t = t; 5 for all
k e N.

Let p € C*(R) be a nonnegative function with supp(p) C [—1,1] and [, p(7)dr = 1. We define
the smooth path s :]0,¢; o[ — R" by defining, whenever

Tkt1,0 + tr2

<< tk1 + ko
2 - = 2

for some k € Ny,

g0~ tk,1 ~
s(t) == /t+ 4 P At -7) 15(0) dr = /1 p(T)s(t— TL’O — bk dr
. t TR0 ThL tko — th1/) teo — tha 1 4 ’

and we set s(t) := §(t) otherwise. Then s fulfills the claimed property 7).

Note that because ¢, o > (2k-+1)"" and t3410 < (2k+2)~", which implies 54 10—tr2 > tro—tr1,
the paths s and s coincide for every ¢ such that

tko — th
4

tko — th
tht1,0 — — 1 <t <tpy10+

for every k € N. Hence the path s fulfills the claimed property iv).

For every k € N and every 0 <t < t; o we have the estimate

sl < (/120 + (o — tra)?



so, for every k € N and every 0 < t < (2k)~! we have the crude estimate

1
Is(o)l < 7 )

and the claimed property i) is fulfilled as well. We come to the claimed property #i). By Lemma
[l we have for every k € N and every t;410 <t <t the estimate

a — apg1 + (te1 — tr0)br — (tr2 — trg1,0)brst
[S" ()] < [[br]l + [[briall +

b1 — Ti2
k+1 1 1

<24+3(2k+1)(2k+2 —

S 24302k +1)(2k +2) (k(2k;+2) ek 2) 302k + 1)(2k+2))

< 28k,
where we used

la — ari ]l = Vawl? + laes |2 — 2, - aps,

which has a maximum with |lag|| = (2k)7', |lars1|| = (2k+2)7, and ay, - a,_; = ||a||||apr1]]/2

for k > 2 (recall that the opening angle at the vertex of ICp+ is 7/3). But then

Is@ls" )] <28
for all ¢ €]0, ¢, o[ and we have finished the proof. m
Lemma 3 Let f : N — R, where N' C R" is a neighbourhood of the origin. Assume f(0) = 0.

Then f is continuous at the origin, if and only if for every path s € [C*(]0,a[)]", a > 0, such
that

lim s(t) =0 and sup |[s(t)]||s'(t)|| < +oo, 3
Jim (1) s 0] 3)
we have
Jim f(s() =0
PROOF:

The “only if” part is obvious. We prove the “if” part by showing that if f is not continuous at
the origin, then there is a path s € [C*(]0,a[)]", a > 0, that fulfills the properties (B]), but for
which limsup,_,q, |f(s(t))] > 0.

Assume that f is not continuous at the origin. Then there is an ¢ > 0 and a sequence xi, k € N,
such that limy_, 1o Xx = 0 but |f(xg)| > ¢ for all k£ € N. Set e.g. yx := x/||xx|| for all & € N.
By Lemma [2] there is a path s € [C*(]0, a[)]", a > 0, with the properties that lim;_,o; s(t) = 0,
SUPse jo,q( IS I[IS'(2)]| < 400, and s(||[xx||) = x; for an infinite number of & € N. But then
|f(s(||xx]|))| = € for an infinite number of k € N, which implies limsup,_,, | f(s(t))] > € and
we have finished the proof. ]
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