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Abstract

Exponentially stable periodic orbits of ordinary differential equations and their basins’
of attraction are characterized by contraction metrics. The advantages of a contraction
metric over a Lyapunov function include its insensitivity to small perturbations of the
dynamics and the exact location of the periodic orbit. We present a novel algorithm to
rigorously compute contraction metrics, that combines the numerical solving of a first
order partial differential equation with rigorous verification of the conditions for a con-
traction metric. Further, we prove that our algorithm is able to compute a contraction
metric for any ordinary differential equation possessing an exponentially stable periodic
orbit. We demonstrate the applicability of our approach by computing contraction metrics
for three systems from the literature.
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1 Introduction

Consider an autonomous ordinary differential equation (ODE) of the form
x =f(x), xeR" (1.1)

with a C®-vector field f : R® — R"™. In this paper we study the existence and stability of
periodic orbits and investigate their basins of attraction using a Riemannian contraction met-
ric. A contraction metric is a local criterion that does not require knowledge of the precise
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location of the periodic orbit. Moreover, it is robust to small perturbations of the system,
i.e. a contraction metric for remains a contraction metric for a perturbed system, even
with a perturbed periodic orbit.

In [5] a contraction metric for a periodic orbit was characterized as the solution of a linear
matrix-valued PDE and an existence and uniqueness theorem was proved. Then in [4] a nu-
merical method to compute such a contraction metric was presented, however, the method
lacks a rigorous verification of the properties of a contraction metric. In this paper we will
present such a verification and, in addition, show that the verification can be combined with
the procedure from [4] to deliver a method that is able to compute a contraction metric for
any system with an exponentially stable periodic orbit. The main idea is similar to [§], in
which we have provided a computation and verification method for contraction metrics in
case of exponentially stable equilibrium points. As in [§] we show that our novel method is
successful in computing a metric if sufficiently many points are used in the collocation (as in
[]) and sufficiently small simplices in the verification. However, in contrast to the case of
an equilibrium, the contraction condition involves the restriction to the (n — 1)-dimensional
subspace perpendicular to f(x) at each point x, which requires a more sophisticated argu-
mentation. Contraction metrics for periodic orbits have been considered by Borg [2] with the
Euclidean metric and Stenstrém [I8] with a general Riemannian metric. They have also been
studied in [13] [14], [I5] 16].

Computational methods for contraction metrics have been proposed in [6] for periodic or-
bits in time-periodic systems, where the contraction metric was a continuous piecewise affine
(CPA) function and the contraction conditions were transformed into constraints of a semidef-
inite optimization problem. In [I7, Theorem 3] a contraction metric for periodic orbits was
constructed using Linear Matrix Inequalities and SOS (sum of squares). While both of these
methods also include a rigorous verification, similar to our approach, they are of higher
computational complexity because they require solving a semidefinite optimization problem,
whereas solving a system of linear equations is computationally the most demanding step in
our approach.

Let us give an overview of the contents: we first review the characterization of a unique stable
periodic orbit using a contraction metric in Section [2} In particular, we consider a contraction
metric which satisfies a certain PDE. Then we approximate the contraction metric satisfying
the PDE using mesh-free collocation with Radial Basis Functions (RBF) in Section (3| In or-
der to verify the conditions of the contraction metric we make a Continuous Piecewise Affine
(CPA) interpolation of the RBF approximation in Section [4f We show that if the CPA inter-
polation of the RBF approximation satisfies the constraints of Verification Problem then
it is a contraction metric. Further, we show that in the basin of attraction of an exponentially
stable periodic orbit, the CPA-RBF construction method provides a function that satisfies the
constraints of Verification Problem (1.7 whenever the collocation points of the RBF method
are sufficiently dense and the triangulation of the CPA method is sufficiently fine. This is the
main result of this paper: an algorithm that can rigourously compute a contraction metric
for any system with an exponentially stable periodic orbit. In Section [5| we apply the method
to three examples.



2 Riemannian Contraction Metric

In this section we review the definition of a Riemannian contraction metric and relax the
conditions on its smoothness in order to consider CPA metrics later. In particular, we do not
require the metric M to be a C' function.

2.1 Definition (Riemannian metric)

Let G be an open subset of R™. A Riemannian metric is a locally Lipschitz continuous matrix-
valued function M : G — S™*™, such that M (x) is positive definite for all x € G, where S™*™
denotes the symmetric n X n matrices with real entries.

Then (v, w)y(x) = VI M(x)w, v,w € R", defines a (point-dependent) scalar product for
each x € G.

The forward orbital derivative M/ (x) with respect to (1.1)) at x € G is defined by

M’ (x) := limsup M (Spx) — M(x)

2.1
h—0t h ( )

where t — Syx is the solution to (1.1)) passing through x at time t = 0.

2.2 Remark Note that the forward orbital derivative (2.1]) is formulated using a Dini deriva-
tive similar to [0, Definition 3.1] and always exists in R U {oco}. This assumption is less
restrictive than [3, Definition 2.1], which is the existence and continuity of

d
M'(x) = —M(Six) .
dt o
A sufficient condition for the existence and continuity of M (x) is that M € CY(G;S™*");
then (M} (x))i; = (M'(x))ij = (VMy;(x) - £(x)),; for all 4,5 € {1,2,...,n}.
It is also worth mentioning that if K C G is compact, then M in Definition is uniformly

positive definite on K, i.e. there exists an ¢ > 0 such that v M (x)v > ¢||v|? for all v € R?
and all x € K.

2.3 Remark It is useful to have a more accessible expression for the forward orbital deriva-
tive in terms of f, see ([1.1)). In fact we have

M(S - M M hf -M
M, (x) := limsup (S1x) () = lim sup (x + 1 (x)) (X)’
+ n 3
h—0* h—0+

because by [0, Lemma 3.3] an analogous formula holds true for each entry M;; of the matrix
M.

The function Ly (x;v) in (2.3) below is negative for v with vIf(x) = 0, if for small § > 0 the
distance between solutions through x and x + dv decreases with respect to the metric M (x).
For a heuristic explanation of this fact, see, e.g. [4, Section 1].

2.4 Definition (Riemannian contraction metric)
A contraction metric for a periodic orbit is a Riemannian metric M : G — S™*"™ fulfilling a
contraction condition expressed by Ly;(x) < —v < 0 for all x € K C G, where Ly is defined



in (2.3) below and K is a compact subset of the open set G C R™ such that f(x) # 0 holds
forallx € K.

For the definition of Ly; we first define for all x € R™ with f(x) # 0

f(x)f(x)" (DE(x) + DE(x)T)

V(x) = Df(x)— (2.2)
1£(x)]13
For all x € R™ with f(x) # 0 we define
L = Ly (x; h 2.3
M(X) VER”,VTM(r)Icl)%)il,VTf(x)ZO M(X V) here ( )
1
L) = v (109 + VI M) + G0V () )

We refer to M as a (Riemannian) contraction metric on K or a metric contracting in K.

It turns out to be beneficial for the numerical computation to consider a particular Riemannian
contraction metric, which is the solution to a (matrix-valued) PDE, see (2.7]). We first define
for all x € R™ with f(x) # 0 the linear differential operator L, acting on N : R™ — S§"*™ by

LN(x) = N, (x)+V(x)T"N(x)+ Nx)V(x), (2.4)

where V' was defined in (2.2). Moreover, we define the projection Py for all x € R™ with
f(x) # 0 onto the (n — 1)-dimensional space perpendicular to f(x), i.e. P2 = Py, Pxf(x) =0
and Pyv = v if vI'f(x) = 0, by

f(x)f(x)T

)
Py = Liyxn— ——~5-
)3

(2.5)

The next two theorems reveal the connection between periodic orbits and contraction metrics.
Theorem [2.5]shows that the existence of a contraction metric on a compact, forward invariant
set K asserts the existence of a unique exponentially stable periodic orbit Q C K and that
K C A(Q). Theorem establishes the existence of a contraction metric for exponentially
stable periodic orbits, which is the solution to a matrix-valued PDE.

2.5 Theorem (existence, uniqueness and stability of a periodic orbit) Let K C R"
be a compact, connected and positively invariant set that does not contain an equilibrium
of (L), ie. for all x € K we have f(x) # 0. Assume M : G — S™", G D K open, is a
contraction metric fulfilling Ly;(x) < —v < 0 on K.

Then there exists a unique periodic orbit  C K, Q) is exponentially stable and the largest
real part of all non-trivial Floquet exponents is at most —v. Moreover, K is a subset of the
basin of attraction A(2) of Q.

Proof: This theorem is identical to [5, Theorem 2.1], except that we have reduced the
smoothness assumptions on M from C' to locally Lipschitz. Since similar multiplication and
chain rules apply to the upper Dini derivative M/ as M, cf. e.g. [6, Lemma 3.2|, the proof is
essentially replacing M’ by M/ in the proof of [3, Theorem 2.1]. O



The following theorem shows that a contraction metric can be characterized as the unique
solution to a PDE. After fixing a positive definite matrix B(x), the right-hand side —C'(x)
of the PDE is the projection of B(x) onto the (n — 1)-dimensional subspace perpendicular
to f(x). Hence, the solution M (x) will be contracting in directions v perpendicular to f(x),
while staying constant in direction f(x). To guarantee that the solution M (x) is positive
definite in direction f(x), i.e. f(x)T M (x)f(x) > 0, we need the condition at an arbitrary
point xg in the basin of attraction.

2.6 Theorem (existence and uniqueness of the contraction metric) [5, Theorems
3.1, 4.2] Let Q be an exponentially stable periodic orbit of x = f(x), f € C*(R™;R"™), where
s > 2, with basin of attraction A(Q). Fixxo € A(Q) and ¢y € RT. Let B € C*71(A(Q); S"*")
be such that B(x) is positive definite for all x € A(Q) and define C € C*~1(A(Q); S™") by

(see (2.5))
C(x) = PI'B(x)Py. (2.6)

Then there exists a unique solution M € C*~1(A(Q); S"™*") of the linear matrix-valued PDE
(see (2.4))

LM(x) = —-C(x) forallx € A(Q) (2.7)

satisfying f(xo)T M (x0)f(x9) = col/f(x0)l/3- (2.8)

The solution M (x) is positive definite for all x € A(§2) and it is of the form
M(x) = / ®(t,0;x)TC(Six)®(t,0;x) dt + cof (x)f(x)7,
0

where ®(t,0; x) denotes the principal fundamental matrix solution of ¢(t) = D(S;x)p(t) with
@(07 0; X) == Ian.

Note that since Ly(x;v) = SvILM(x)v, see (2.3), a function M satisfying (2.7) gives
Ly (x;v) = —3vT PI'B(x) Pcv and thus
1

Ly(x)=—=

min vIB(x)v,
2 veR? vT M(x)v=1,vTf(x)=0

which can be bounded above by a negative constant —v for all x within a compact set K C
A(2). Moreover, M satisfying (2.7) and ([2.8]) is positive definite and therefore a contraction

metric.

Although the previous theorem does not enable us to construct the contraction metric ana-

lytically in most cases, it provides a suitable way to approximate it by numerically solving
the PDE (12.7)), see Section

We will now recall some norm-related definitions and inequalities that will be used throughout
the paper. For an A € R™*" define

[Allmax = = max |aij|>
i,j=1,2,...n
[All, = max [[Ax[, for p=1,2,00,
lIx[lp=1
n 2
[Allp = Za?j
ij=1



The following well-known relations will be used later:

Al = max 3yl 1Al = 47,

[l < 14112 < 2| Allmaxs 141l < V7]l Ao, (2.9)
1
—= Al < 4] < VR4l

NG
[All, < [[Alp < VllAll,.

For a symmetric and positive definite A, the largest singular value Ap.x of A, which equals

||A|l2 and is the largest of its eigenvalues, is the smallest number such that Apaxlpxn — A is

positive semidefinite, written A < Apaxtnxn-

We recall that [|M||r_ (k) = ess su}g | M (x)||2 for any measurable K C R™. Further, if M is
xXE

continuous and K C R™ has the property, that every neighborhood (in K) of every x € K

has a strictly positive measure, then the essential supremum is identical to the supremum.

For a function W € C*(D;R), where D C R is a non-empty open set and R is R, R",S"*",
or R™" we define the C¥-norm as

Wik iy = 3 sup [DEW ()], (2.10)
o<k x€D
where o € N is a multi-index and || := "7 ; a;. When all D*W can be continuously

extended to D for all || < k, the C*-norm is also defined on D with the same formula.

The final statement of this section is a powerful tool that describes the effect of perturbations
on contraction metrics. It is an essential part of the error estimate statements that we provide
later.

2.7 Theorem (Robustness of contraction metrics) [4, Theorem 3.1] Let the assump-
tions of Theorem hold. Let K C A(Q) be a compact set with Q@ C K°, denote
YH(K) = Usso StK and let x € K as well as ¢y € RT.

Then there is an € > 0 such that for all M,C € CH(yt(K);S™") satisfying

LM(x) = —C(x) for all x € v (K) (2.11)

£ M xa)f(x0) = collEx)] 3 (2.12)

|IC(x) — C(x)|]2 < e€forallx € yH(K) (2.13)

’ d (C’(X)—CN’(X)) < eforallx eyt (K)andi=1,...,n (2.14)
d.%‘i 2

we have that M (x) is positive definite for all x € K. Moreover, there is a constant v > 0
such that

LJ\NJ(X) S —U

holds for all x € v+ (K), where Ly was defined in (2.3)).



3 Optimal Recovery by RBF

In this section we follow [5] and solve the PDE numerically to obtain a contraction
metric. We review the appropriate setting in which the contraction metric can be recovered
or approximated knowing its values at finitely many points, hence called optimal recovery
problem. For this we introduce reproducing kernel Hilbert spaces and show an error estimate
for the approximated metric.

Let O C R™ be a domain with Lipschitz boundary and o > n/2 be given. Then, the matrix-
valued Sobolev space H? (O; S"*") consists of all symmetric matrix-valued functions M having
each component M;; in H?(O) and it is a Hilbert space with inner product given by

n

(M, S) o ognxny = > (Mij, Sij) o(0)»
ij—1

where (-, -) o (0 is the usual inner product on H?(0O). It is also a reproducing kernel Hilbert
space, see below. On S™*™ we define the inner product

(@, Bgmen = > By,  a=(ay), B=(By)

4,j=1

which renders it a Hilbert space. We denote by L(S™*™) the linear space of all linear and
bounded operators S"*"™ — SPX™,

3.1 Definition (Reproducing Kernel Hilbert Space) A Hilbert space H(O;S™*") of
functions f : O — S™*™ is called reproducing kernel Hilbert space if there is a function
®: 0 x O — L(S™™) with the following properties:

1. (-, x)a € H(O;S™*™) for all x € O and all a € S"*".
2. (f(x), @)gnxn = (f, ®(-, X))p0s5nxny for all f € H(O;58""), x € O and o € S™*".

The function ® is called reproducing kernel of H(O;S™*™).

A kernel ® is thus a mapping ® : O x O — L(S™*") and can be represented by a tensor of
order 4. We will write ® = (®;;z) and define its action on o € R™*" by

n

(®(x,y)a)i; = Zq)(xa}’)ijkéakﬁ-
k=1

From [9, Lemma 3.2] we know that with ¢ : O x O — R as the reproducing kernel of H?(0O),
the reproducing kernel of H?(O;S™*™) is ® defined by

D(x,y)ijre = A(X,¥)0irdje (3.1)
for x,y € Oand 1<14,j,k ¢ <n.

3.2 Definition (Optimal recovery of a function) Assume that we are given N linearly
independent functionals Ai,...,A\ny € H(O;S"*™)* of a reproducing kernel Hilbert space
H(O;S™™™) and N values r1 = M(M),...,rx = An(M) € R generated by an element



M € H(O;S™™). The optimal recovery of M based on this information is defined to be the
unique element S € H(O;S"*"™) which solves

min { |5l onxny : S € H(O;S™") with X\j(S) =rj,1<j < N}.

We choose Wendland functions as the radial basis functions, which will define the reproducing
kernel ® needed for our optimal recovery problem. For more details on these functions and
their properties, see [19]. Let [ € N, k € Ng. Wendland functions are defined by recursion

Yo(r) = (1-r1)k,
1
and Yy pi1(r) = / taby g (t) dt

,
for r € R}. Here we set . =z for x > 0, 24 = 0 for z < 0, and 2, := (z4)".

With [ := [2]| + k + 1 the function ®(x) := 1 x(c[x]||2) belongs to C?*(R™) for any ¢ > 0
and the reproducing kernel Hilbert space with reproducing kernel ® given by a Wendland
function is norm-equivalent to the Sobolev space H?(O), where o = k + "T‘H

We will denote by H?(O;S"™*"™) the reproducing kernel Hilbert space with reproducing kernel
®:O0x 0 = L) as in B.1)), ¢(x,y) = ¢ir(c|x — yll2), where 9 is a Wendland
function with [ := | 2] +k+ 1 and ¢ > 0. We again have 0 = k + L. Usually, this notation
is used for the Sobolev space, which contains the same functions and is norm-equivalent to
the reproducing kernel Hilbert space, but with a slight abuse of notation we denote both by
the same symbol — note that all estimates still hold with a different constant.

We fix the pairwise distinct collocation points X = {x1,...,xxy} C O as well as the point
xg € O. Define the linear functionals )\g’j),)\o: He(O;8"") — Rfor 1 <i < j < n,
1<k <N by

A (M) = el LM (xp)e;, (3.2)
Mo(M) = f(x)TM(x0)f(x0),

where e; € R™ denotes the vector (0,...,0,1,0,...,0) with the 1 at position 4.

3.3 Theorem (Existence and uniqueness of the optimal recovery) [4, Theorem 4.2]
Let O C A() be a domain with Lipschitz boundary. Let o > n/2+1, let ® : O x O —
L(S™*™) be the reproducing kernel of H?(O;S"*") and f € C*(R";R"™) with s = 0 + 1. Let
X = {x1,...,xn} C O be pairwise distinct points and xo € O such that f(x;) # 0 for all
i=0,...,N. Let cg € RY, and let A\ \g € H7(0;8™™* 1 <k<Nand1<i<j<n
be defined by and .

Then these functionals are linearly independent and there is a unique function S €
H?(O;S™*™) solving

min {HS!qu;sm) (8) = —Cij(xi) 1 <i<j<n 1<k <N
and () = al{Gxo)3 .

where C(x) = PIB(x)Px and B(x) = (B;;j(x))ij=1..n is a symmetric, positive definite
matrix for each x € O.



The closed form formula for S and technical details for computations is given in Appendix
One can measure the error of the optimal recovery in terms of the so-called fill distance or
mesh norm
hx o := sup min ||x — x;||2.
x€O X €X

3.4 Theorem (Error estimates for the RBF approximation) [4, Theorem 4.4] Let
f e C°(R"R"), N> s >n/2+3 and set 0 = s — 1. Let Q0 be an exponentially stable
periodic orbit of x = f(x) with basin of attraction A(2).

Let B € C?(R",S™*™) such that B(x) is a positive definite matrix for all x € R"™ and let
C(x) = PI'B(x)Px.

Let M € C(A(Q),S™™) be the solution of and (2.8). Let O C A(Q2) be a bounded
domain with Lipschitz boundary. Finally, let S be the optimal recovery from Theorem [3.3,
Then there exists a # > 0 such that we have the error estimates

—1-n/2
ILM = LS|l iosmeny < BRSS " IM I ko(osmen), (3.4)

—2—n/2
NOLM — OLS|| 1 osmeny < Bh%o I Mllgeosnen,

fori=1,2,...,n and all X C O with sufficiently small fill distance hx .

By construction we have
f(x0)"S(x0)f(x0) = collf(x0)]3-

Let K > x¢ be a compact set such that v*(K) C O. Then S, provided hx o is sufficiently

small, is a Riemannian metric contracting in v (K), i.e. S(x) is positive definite for all x € O
and Lg(x) < —0 < 0 for all x € v (K).

While this theorem provides a proof that S is a contraction metric if hx o is small enough,
it does not quantify in a useful way how small hx o must be because || M| go(ognxny is in
general unknown, cf. . This is why we need a verification method that allows us to check
whether S is a contraction metric or whether we need to make hx o smaller. This is the topic
of Section [4l

3.5 Remark It is worth mentioning another useful norm estimate for S € H?(O;S"*™), the
optimal recovery of M from Theorem Assume O C R” is bounded and open with C*
boundary. Let k > 2 if n is odd and k£ > 3 if n is even. Let S be the optimal recovery of M
using the collocation points X C O and the Wendland function 1, with [ = [§] 4+ k + 1.
Note that with o = k + "TH and for a constant ¢ > 0 independent of the collocation points
X we have

1Sllge@gnen < € 1M ormen - (3.5)
This inequality is proved using that the optimal recovery S is norm-minimal, that is,
151 e (05mxm) < [IM || gro(0;nxny; for more details see [7, Lemma 3.8].

4 CPA Interpolation of the Solution

In this section we set the stage for a verification process, through which we will verify the
conditions of a computed contraction metric P, in particular that P(x) is positive definite



and Lp(x) is negative definite for all x (see Theorem [4.11]). In order to do so, we introduce
a continuous piecewise affine (CPA) approximation of the RBF approximation metric. We
will provide error estimates and statements about the interpolation, and present criteria that
assert that the interpolation is a contraction metric itself. These criteria can easily be verified
numerically.

Let us review some basic preliminaries. Given vectors xg, X1, ...,X, € R™ that are affinely
independent, i.e. the vectors x; —xg, X2 —Xq, - - - , X5, — Xg are linearly independent, the convex
hull

S = co(x0,X1,...,Xp) 1= {ZAkxk : A €[0,1] and Z)\k = 1}

k=0 k=0
is called an n-simplex or simply a simplex. A set

1=0

J J
CO(Xkgy Xky s -+ + 5 Xp; ) 1= {Z A Xk, @ A, € [0,1] and Z)"fi = 1}
i=0

with 0 < kg < k1 <...<kj<nand 0 <j <nis called a j-face of the simplex &.

4.1 Definition (Triangulation) We call a set T = {S, }, of n-simplices S, a triangulation
in R", if two simplices 6,6, € T, p # v, intersect in a common face or not at all. For a
triangulation T we define its domain and vertex set as

Dy = U S, and Vy:={x € R" : x is a vertex of a simplex in T }.

We also say that T is a triangulation of the set Dy and we call the triangulation finite if the
set T is finite.

For a triangulation T = {&,}, and constants h,d > 0, we say that T is (h,d)-bounded if it
fulfills the following conditions:

(i) The diameter of every simplex &, € T is bounded by h, that is

hy = diam(&,) := hax Ix —yll2 < h.

(ii)) The degeneracy of every simplex &, € T is bounded by d in the sense that
hy[| XMl < d,

where X, 1= (x{ —x4,x5—x¥, - ,x%—x4)T is the so-called shape matrix of the simplex
S,.

Note that we defined a simplex as the convex hull of an ordered set of vectors and the constant
d > 0 in the definition above depends on the order of the vertices of the simplices in 7.

Given a triangulation, we can now define a continuous piecewise affine function, which is
affine on each simplex of the triangulation. In particular, we can interpolate a given function
by a CPA function by fixing its values at the vertices.

10



4.2 Definition (CPé function, CPA interpolation) Let 7T be a triangulation in R and
assume some values P;j(xi) € R are fixed for every x, € V7 and every i,j = 1,2,...,n. A
CPA function P : Dy — R™ ™, that is affine on each simplex &, € T, is uniquely defined by

its values at the vertices P(xy) in the following way:

Anx € 6, = co(Xo,...,X,) can be written uniquely as x = > ;_ A\pXp with A\, € [0, 1] and
> r—o Mk =1 and we define

Pj(x) := Z)\ké‘j(xk)
k=0

and
PH(X) P12(X> e Pln(X)
P(x) = P21:(X) P22:(X) P2n:(X)
Pri(x) Ppa(x) -+ Pan(x)

We refer to the functions P;; and P as the CPA interpolations of the values f’ij(xk) and

P(xy) = (Pij(x))ij=1,..n, respectively. Note that the functions P;; are affine on every
simplex &,, € T, i.e. there is a vector wi”j € R” and a number bl-”j € R, such that

Pj(x) = (W) Tx+ b

for all x € &,. For every simplex &, € T we define VP := VPijlee = W
Assume W is a matrix-valued function defined on D, fix the values P(x}) = W(xy) for
every vertex x; € V7, and continue the procedure mentioned above to create a continuous

piecewise affine function P. Then we call P the CPA interpolation of the function W on T .
Note that if P(x;) € S™" for all x;, € Vr, then P(x) € S™" for all x € Dr.

The gradient VP can be computed directly from the values at the vertices, as explained in
the following remark.

4.3 Remark The gradient VP}; of the affine function Pj;

co(Xg, ..., Xp) is given by the expression

go on the simplex &, =

P;j(x1) — Pij(x0)
VP =X, : eR", (4.1)
P;j(xn) — Pij(xo)

where X, = (x1 — X0, X2 — X0, .-, Xp — X())T € R™" is the shape-matrix of the simplex &,,.

4.4 Remark (Orbital derivative) Let P(x) be as in Definition[4.2]and fix a point x € D5-.
As shown in the proof of [6, Lemma 4.7], there exists a &, = co(xg,...,Xp) € T and a number
0* > 0 such that x + 6f(x) € &, for all § € [0,6*]. Then the forward orbital derivative

(Pyj)’(x) defined by formula ([2.1]) (see Remark , is given by
(Py) (x) = VP - £(x),

where VP was defined in Definition

11



Let us now review an error estimate for the CPA interpolation of a function.

4.5 Remark [8 Lemma 4.5] Let T = {S,} be an (h, d)-bounded triangulation in R and let
D D D7 be an open set. Assume that S € C?(D;R"*") with 151l c2(pyrnxny < 0o and define

dn3/2

=1
Y + 5

Denote by S¢ the CPA interpolation of S on 7. Then the following estimates hold true for
all1 <4,5 <n:

ISc(x) = S|z < nh?||S]|c2(pgnxny for all x € Dr, (4.2)
IV(Se)i; = VSy(x)[i < hyllSllczipraxny forall &, € T and allx € 6y, (4.3)
IV(Se)ijllh < (L 4+ ) [[Sllc2(pgnxny  for all &, € T. (4.4)

The following lemma is essential to deal with the contraction condition, which involves the
(n — 1)-dimensional subspace of vectors v perpendicular to f (first statement). The lemma
transforms the first statement, which is needed to show that the function Lp(x) is negative,
into a second statement, which is easier to handle, since it refers to the negative definiteness
of a matrix.

STLX’I'L

4.6 Lemma (Evaluation method for contraction property) Let n > 2, A € and

f € R", f #£ 0. Then the two following statements are equivalent :

1. There exists a constant A\ > 0 such that for every v € R" with vI'f = 0 and ||v|]z = 1
we have vI Av < —)\.

2. There exists a constant k* > 0, such that for every k > k* > 0 the matrix A — k£ 7 is
negative definite.

Further, if K € R" is compact, f : K — R™ and A : K — S™*™ are continuous, and there
exists a constant A\ > 0 such that for every x € K and every v € R", vI'f(x) = 0, we have
vIA(x)v < —), then there exists a constant k* > 0 such that for every k > x* > 0 the
matrix A(x) — x f(x) f(x)7 is negative definite for every x € K.

Proof: Statement 1 follows immediately from Statement 2 with

A= —Amax(A — ¥ £ £7) > 0. (4.5)

Assume that statement 1 holds true; note that this implies ||A||s > 0. Define t* € [0,7/2)

and x* by
: A >>
t* = arccos (min (1,— | |, (4.6)
( < 4| All2

2|A _ + ||Al|5 +
141l \/max(O7 16 | A3 — A2) + | All, + A
. )\ 2 _ (4.7)

12



We have

16/|A “IIF]12 — ||Allg — X
tan ¢* A ot —1 = 1, 6] IIQ)_1 _ R IElS — ([Afl (48)
2| A2

Let u € R", |lul]2 = 1, be arbitrary. Then, we can write u = v + f with f := = (u Tf/|£112)f
and v = u — f. In particular, f is parallel to f and v7f = 0. Further, ||¥|3 + ||f]3 = 1. Let
t € [0,7/2] be such that ||v||2 = sint and ||f||2 = cost. By Statement 1 it follows that

w'(A-rffHu = @+H)TA-r ) +1)
VIAY + 2T AV + fTAF — k7 (£7F)?
—Asin?t + 2||Al|g costsint + (|| Alla — &* ||f]|3) cos® ¢ (4.9)
X+ 2| Al costsint + ([|Allz + A — &% ||f]|3) cos>
Allg + A —x*||f

1Al o I£15 m)
= —A+2||A|2cost- (sint —tant” cost) by (4.10)
=: g(t).

From (4.9) one sees that g(¢) only becomes smaller on ¢t € [0, 7/2] if k* is replaced by a larger
number, hence, it suffices to show that g(t) < 0 for ¢ € [0,7/2] to prove statement 2. First

note that by (4.9) and (4.8])

9(0) = | All2 — & €13 < [ Allz + A — & [I£]}3 = —2]|Al2 tan¢* < 0

IN

= —A+2||A||2cost - (sint +

and g(7/2) = —A < 0.
If t* > 0, we have g(t) < —X for ¢t € (0,t*) by (4.10) because cost > 0 and tant < tant*, i.e

sint — tant* cost = cost (tant — tant™) < 0.
For the case t € [t*,7/2) note that

sint —tant*cost < 1 —tant*cost < 1

and we have by (4.10)) and (4.6)

g(t) = =\ + 2||Al|2 cost - (sint — tant” cost)
< —A+2[|A]|2cost < =X+ 2||Al|3 cos t*
A A

AAl, ~ 2

< =X+ 2[|All2

Since u was arbitrary Apax(A — £*f £7) < 0 and Statement 2 follows.

For the last proposition just note that the right-hand side of (4.7)) depends continuously on
A and f and that minge g ||f(x)||2 > 0. Hence

2(|A

M\/max(o, 16 [ AG)[13 = A%) + [ A1, + A

K* = max 2 =0
xEK ()15

13



is well defined and
u? (A(x) — wf(x) f(x)THu <0

for every u € R", with ||ull]2 = 1, and k > k* can be proved analogously to above.
]

We have now provided the essential ingredients to state our verification process as a
verification problem with constants, input data, and constraints described as follows.

4.1 Verification Problem

Our verification problem is a semidefinite feasibility problem and can in theory be solved as
such. However, as we will assign values to the variables of the problem using the optimal
recovery of the solution of and and then verify if the constraints of the feasibility
problem are fulfilled, we will refer to this feasibility problem as verification problem. Note
that it is much more efficient to verify the validity of a possible solution to a semidefinite
problem than to solve it.

4.7 Verification Problem Given is a system x = f(x), f € C3(R";R"), and a finite trian-
gulation T of Dy C R™ such that f(x) # 0 for all x € Dy. The verification problem has the
following constants, variables, and constraints.

Constants: The constants used in the problem are listed below. The first constant is a fixed,
chosen parameter, the rest are computed from the input data.

1. &} > 0 — quantities related to the matrices A, (xy) (as defined in (4.17)) below) on each
simplex &, € T.

2. The diameter h, of each simplex &, € T

hy, = diam(&,) = xr;léi}é( IIx — yl2.

3. Upper bounds By, on the components f; of f on each simplex &, € T:

By, > max |fi(x)]. (4.11)
1=1,2,....n

4. Upper bounds By, on the first-order derivatives of the components f; of f on each
simplex &, € T

of
By, > ZE‘??GX 91, (X)‘- (4.12)

5. Upper bounds Bs, on the second-order derivatives of the components f; of f on each
simplex &, € T

‘ O . (4.13)
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6. Upper bounds Bs, on the third-order derivatives of the components f; of f on each
simplex 6, € T

Bs, > max %(x (4.14)
= M_kxlE:le . O0x;0x 0z}, . ’

7. Upper bounds By, , on the first-order derivatives of the components V;; of V' defined in
(2.2)) on each simplex &, € T

Vi,

oz,

By, > max
1,v e
rl,7=1,2,..., n

(X)‘ : (4.15)

8. Upper bounds By, , on the second-order derivatives of the components V;; of V' defined
in (2.2)) on each simplex &, € T
9*Vy;
0x,0x

B > max
VQ,V - xEGy
r,s,j,l=1,2,...,n

(x)‘ . (4.16)

Input data: The input data of the problem are

1. Pij(xx) € R for all 1 <i < j <n and all vertices x;, € V7. For 1 <i < j <n the value
P;;(xy) is the (i, j)-th entry of the (n x n) matrix P(xy). The matrix P(xy) is assumed
to be symmetric and therefore these components determine it.

Constraints:

(VP1) Positive definiteness of P

For each xj, € Vy:
P(Xk) - On,n.

(VP2) Negative definiteness of A, — k:f T

For each simplex &, = co(xq,...,X,) € T and each vertex x; of G, :
AV(Xk) - K“zf(xk>fT(Xk) + hIQ/EVIan < On,n-
Here

Ay(xp) == P(xp)V(xp) + V(x)" P(x1) + (VP - £(xy)) (4.17)

ij=1,2,..n°

where V' is the function defined in (2.2), (VP}; - £(Xx))i j=12,..n denotes the symmetric
(n x n)-matrix with entries VP - f(x) and VP}; is defined as in (4.1), and

E, :=n*((4y/nBy,, + B3,) VPl + 2nBy, , P, + 2k}, By yBay + 2 k5, Biu) ,

where
P, = P = P :
v = max [Pl = max [[P(x)]l2
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4.8 Remark In order to implement the Verification Problem, one can formulate an equiv-
alent semidefinite feasibility problem: fix a small constant ¢g > 0 and replace > 0,, by
= €0lnxn in (VP1) and < 0,,,, by < €lpxrn in (VP2). Further, introduce auxiliary variables
Cy, fo, D, € RBL , with 1 < k < n, for all simplices &, € T, that serve as upper bounds on
the eigenvalues of P and on the derivative of all P;; in &,, respectively. The upper bounds
can then be implemented through the following constraints:

1. For each simplex &, = co(xq,...,%X,) € T and each vertex x of G, we must have:
P(Xk) = CuIan~

This makes sure that P, = ,_fnax |1P(xk)]l2 < Cy.

=U,1,...,m

2. For each simplex &, € T and all 1 <i<j <n and 1 <k <n we must have:

-D; < [VP}], <Dy,

where [VP;;-] i is the kth component of the gradient VP, .
This ensures that [|[VE/|l1 < Dy =371, Dk,
3. Finally, the constant E) for each simplex in (VP2) is replaced by

E,:=n* ((4¥/nBv,, + Bay)Dy + 2nBv, ,C, + 2} BoyBay + 255, BY ) . (4.18)

Clearly a feasible solution to this semidefinite feasibility problem also fulfills the constraints
of the Verification Problem [£.7] Further, it is not difficult to see that if a CPA function
P : Dy — S™ fulfills the constraints of Verification Problem then aP is a feasible
solution to the semidefinite feasibility problem if o > 0 is large enough; just note that C,
D, and A, scale linearly with o and thus the conditions are satisfied if we replace &}, by ax}.

We seek to show that a CPA function satisfying the Verification Problem is a contrac-
tion metric in Theorem .11l This is based on estimates between a function and its CPA
interpolation.

4.9 Remark (Function estimates over a triangulation) Let xg,x1,...,x; € R" be
affinely independent vectors, define & := co(xg,x1,...,X%), h := diam(&S) and consider a
convex combination Zf:o \ix; € 6. If g € C?(U,R) with & C U C R™, U open, then

K K
g (Z )\m') = Niglxi)
i=0

1=0

< Byh?, (4.19)

where By := max ||H(z)|, and H(z) is the Hessian of ¢ at z, see [I, Proposition 4.1].
z€

A similar result holds for a function h € C? (R™;R"), cf. [I1, Lemma 4.8],

< nBZh27

h(x) = ) Aeh(x)
k=0

[e.e]
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where Bs is an upper bound on the second order derivatives of the components of h,

0?hy
B2 Z glég{ 8:1,*1(%] X)‘

i,5,0=1,2,...,n

The following lemma will provide an estimate on the difference between the true value of
the mapping A of Verification Problem (VP2) and the value approximated by a convex
combination of its values at vertices.

4.10 Lemma (Operator estimate over a triangulation) Assume P is defined as in Def-
inition[4.4 from a feasible solution P;j(xy) to the Verification Problem[4.7 Fix a point x € D%
and a corresponding simplex &, = co(xg,X1,...,X,) € T withx € &,.. Set

Auly) = P)V(y) + V() Ply) + (VP - £(3)), 1y

forally € G,.
Then we have the following estimate with fixed k}, > 0, for any x =Y 1 \pxi € S, A\ >0
and Y oA =1:

< h’E,, (4.20)
2

[Au(x) = kR EF)T] =D A [Au(xi) — i (xn) £ (1) 7]
k=0

in particular

n

Ay (x) = £REOFX)T 2D A [Au(xi) — mpF(xR)E(x0)T] + BBy L,
k=0
where F,, = n2 . (4\/'r>zBV1’VHVP{;~H1 + QTZBVQ’UP,, + B27VHVP1‘I;‘H1 + 2K}, BOJ/BQ,V + 2K}, B%,y)
is defined as in (VP2).

Proof: We show this in several steps:

Step 1: Entry-wise bounds on P’ (x)
The estimate

< nBay ||V P |1hy (4.21)

VPS-f(x) = Y ANVP - f(x)
k=0

follows by Holder’s inequality and Remark

VP (f(x) = Mf(m))
k=0

< IVl < IVPjlhnBauh.

£(x) — > Mf ()
k=0

o0

Step 2: Entry-wise bounds on P(x)V(x) and V(x)TP(x)
We show that

n

[PV ()] = D M [Pxi)V (x)];5
k=0

< nh.(2v/nBy,, |VP}ll1 + nBy,,P,).  (4.22)
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Consider two scalar-valued functions g, h € C?(&,;R). We apply Remark to gh, yielding

Zkkg xg)h < max 15 (¥)2h3, (4.23)
where the matrix H(y) is defined by [H(y)],s = %(y). Set g(y) := Py(y). Since
Py(y) = VP} -y + b}, we obtain %’S(y) = [VP}]s and 8:3269353 (y) =0 for all y € &,. Hence,

0 Jg oh Y oh
oz, W) = 5 M) +9) 5 ~(y) = [VPilsh(y) + 9(y) 5 ~(¥)
and then
0? L. Oh g oh 0%h
8h oh 0h

= [VP]s axr( y)+ [V ¢7]ra7(Y)+Piz(Y)m(Y)-

S

Now set h(y) := Vj;(y), then ‘a‘%(y)‘ < By,,, &%h (y)’ < By,,. Thus

Ox,r0xs

9 (gh)
0x,0x,

HH(y)]rs‘ =

<y>\ < VYL Bui,, + [V PY By + | Paly)| B

Using in succession for any Hi, Ho, H3 € R™*™ that
[Hy + Hz + Hsll2 < [[Hill2 + [[H2||2 + [|Hsll2

and
| Hall2 < Vnl|Hall1, [[Hill2 < VnllHilloo, and [[Hzll2 < nl|Hsl|lmax,

this delivers
< A
IH)ll2 < VnlVPi|Bv, + vnl|VPl1Bv,, +nBy,, ,max max |Py(x)|
< 2v/nBy,, VP + nBy,, Py, (4.24)

forally Gl,, because we have |P;(y)| < ||P(y)|l2 < P,.

Hence, ) and (| establish
[PV (x))ij — > Ae[Pxx)V ()]s

k=0
Z X)Vi(x) = D> MePulxi) Vi (%)
=1 k=0
<Y Pa(x) V(% ZAszz xp;) Vij (%)
=1 k=0

<n-(2v/nBy,,IVP}|1 +nBy,,P,) - hy.
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Step 3: Bounds on f(x)f(x)?
Similarly to the previous steps, we obtain

[f(x)f(x)T - Zn: /\kf(xk)f(xk)T] <2n(BoyBa, + Bil,) hZ. (4.25)
- i

In detail, consider the following

[f(x)f(X)T -> )\kf(Xk)f(Xk)T]
k=0

Let g(x) = fi(x)f;j(x), and apply Remark to g to get

fz( Z)\kfz Xk f](xk)

k=0

]

9g 3]2( ) (91 (y)
axs(y) f]( )+fl(Y) 8588 ’
&g 82fz ofi , | 0f; ofi .\ 0f; [
Thus, we get 63239% (y)‘ <2By,B2, + QB%V
Step 4: Bounds on matrices
From the definition of A, (y) we get
= NAxR)|| < |[PEV(X) AP (x5)V (xk)
k=0 k 2
+ - Z AV (x6)T P(xp)
= 2
(VP -£(x))ij=1,.n Z Me(V P - £(xk))ij=1,...m
2

The first two norms on the right-hand side are equal because P is symmetric and therefore

the matrices in the norms are conjugate and || B|2 = ||B” || for any matrix B € R"*".
The entry-wise bounds (4.21), (4.22) and (4.25) together with ||H|j2 < n| H|max for any
H € R™™ now deliver (4.20)). O

Note that upper bounds on the auxiliary function V', cf. (2.2)), can be obtained directly form
the data of the problem, i.e. from f. The formulas are derived in Appendix [A] However, these
bounds are in general more conservative than when working directly with V.

We are now ready to prove the first main result, which shows that a CPA matrix-valued
function which fulfills the constraints of Verification Problem [£.7]is a contraction metric.

4.11 Theorem (CPA contraction metric)

Let f € C3(R™,R"). Assume that the constraints of Verification Problem are satisfied for
some values P;j(xy). Then the matrix-valued function P, where P(x) is interpolated from
the values P;j(xy) as in Definition is a Riemannian metric, contracting in any compact
set K C D5
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Proof: Let x € Dy be an arbitrary point. Then there exists a &, = co(xg,X1,...,Xp) € T
with x = )"} AeXg, Ap > 0 and > ;o A\ = 1. The symmetry of P(x) follows directly from
P;j(x1) = Pji(x) assumed in Input Data 1. of Verification Problem

Pij(x) = By (Z )‘lcxk) =D MePi(xk) = ) MePji(xi) = Pii(x).
k=0 k=0

For positive definiteness, we have P(xj) = Opxp for each xi € V7 by (VP1), so
n n
B Z )\kP(Xk) - Z )\k 0n7n S 0n7n-
k=0 k=0

Now let x € K C D% Then there is a simplex &, € T with x € &, as well as x +0f(x) € &,
for all § € [0,6*] with 6* > 0. Then we have (P );j(x) = VP}; - f(x), see Remark Since
(VP2) consists of finitely many constraints, there exists ¢g > 0 such that

AV(Xk) - ﬁzf(xk)f(xk)T + thuIan = —eolnxn

for all &, € T and all x; of &,. Hence, for an arbitrary z € R” we get from Lemma
that

2" (Au(x) — Kt 7 < T (Zxk (k) — R (ep)E(x >T+h3Eyfnxn1>z

< —602)% Bl
k=0
2
= —€0 ||Z||2 )
that is,

Amax (Av(x) — kL E)E(x)T) < —e. (4.26)

14

Moreover, we have

n n n
VPV =Y MvTP)v < Y MlIPG)llz VI3 < Y- MPy IVIE = B [Iv3:
k=1 k=1 k=1

Hence, if vI' P(x)v = 1, then

1
5 < IV (a.27)
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Now we have with (4.26))

Lp(x) = max Lp(x;v)
veR" vT P(x)v=1,
vT'£(x)=0

1
= max vIPx)V(x)+ V(x)TP(x) + PL(x)v
veR" vT P(x)v=1, 2
vT'£(x)=0

= max —vITA,(x)v
veR" vT P(x)v=1, 2
vT'£(x)=0
v

HVH2

= max H I3 [ v(%) = £ () f (k)"
veR" vT P(x)v=1, || ||2

vT'£(x)=0

IN

1 2 * T
LS V15 Amax (Au(x) — k5E(x)E(x)7)

€0 . 2
O w3
veR? vT P(x)v=1
€0
2P,
< 0,

using (4.27)). O

4.12 Remark The following observation is useful for the application of the next theorem
with D = K°: Given an open set D, a compact set K C D, and d = 24/n, one can always
construct an (k,d)-bounded triangulation 7 such that K C D% € Dy € D. Indeed, [12
Remark 2] shows that the so-called scaled standard triangulation 7;5“1 is (h,2+/n)-bounded
for any h > p/y/n. By setting 3¢ := dist(K, R\ D) = min{||x—y|l2 : x € K,y € R"\D} and
= {x e R" : dist(x, K) < €}, it is easy to see that with 0 < p < €//n the triangulation
—{6 e T3 : 6, NK. #0} fulfills K C DS C Dy C D.

So, fixing the sets D and K as above, we can choose (h,d)-bounded triangulations with
d = 2y/n and arbitrarily small i > 0 that satisfy K C DS C Dy C D.

IN

IN

Next, we prove that a CPA interpolation of a contraction metric satisfies the constraints of
Verification Problem

4.13 Theorem (RBF-CPA contraction metric) Let k € N with k > 2 if n is odd and
k > 3 ifn is even. Define o = k+ ["TH] and assume that 2 is an exponentially stable periodic
orbit of x = f(x) where f € CTH(R";R"). Let B € C°(R";S"*"), such that B(x) is positive
definite for all x € R", define C(x) as in (2.6); assume M € C?(A(£2);S™*") is the solution
of PDE from Theorem and S is the optimal recovery of M from Theorem with
kernel given by the Wendland function +yj with | = |5 | + k + 1 and the collocation points
X. Let O C R"™ be a bounded domain with C* boundary and O C A(f). Let K C O be a
positively invariant compact set, such that ) C K°.
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Fix constants

dfi
dz2Vn, Bjz max [fix)], Bi2 max |5-(x)),
1=1,2,....n i,0=1,2,....,n
% fi O fi
BX > max X B> max
2= . xEK ‘8%83}]( ) ’ 3= . xEK 8:ci8:zjaxk(
i,7,l=1,2,....n i,7,k,1=1
oVy; Vi,
B, > max  (x By, > max J
= ek xr( )| B 2 xeK ‘81:r8:n5( )

mli=1,2,...,n

Then there exist constants h?{,@a h*, k* > 0, such that for any set of collocation points X C O
with fill distance hx o < h o and any (h,d)-bounded triangulation T with Dy C K° and
h < h* the following holds:

Fix the constants and variables of Verification Problem[4.7 as follows for all &, € T, x;, € VT,
and1 <1 <5< n:

1
Pij(xi) = Sij(xk), 3 =y, 2 £ Bj = Boy > max |fi(x)],
1=1,2,..., n
dfi % fi
B¥ > B;, > max X B> By, > max X
1 = Ply = | xeey axz( ) s 2 Z D2y Z xce, axlc‘)x]( ) )
i,l=1,2,...,n i,7,01=1,2,
> fi
B> B3, > max — (x
3 = 371/ - . xC Gy 6xlaxjawk( ) )
i,7,k,l=1,..., n
Vi, O*Vi;
By > B >  ma L (x B > B > ma I (x)].
i =P = 158 (9:107"( )| Bz By, 2 xeoy Oz 0z )

rlj=1,2,...,n r,5,5,0=1,2,...,n

Then the constraints of Verification Problem are fulfilled by these values.
In particular, we can_assert that the CPA interpolation P of S on T is a contraction metric
on any compact set K with K C D3 C Dy C K°.

Proof: First note that by the construction method of Theorem we know that the S(xx)
and hence the P(xj) are symmetric matrices. Since O is compact and M is positive definite
by Theorem there are constants Ay, Ag > 0 such that for all x € O we have

Modnxn = M(X) = Aolnxn. (428)

Moreover, since B(x) is also positive definite for all x € A(Q2), there is a constant A\; > 0 such
that for all x € O and v € R" with ||v||, = 1, and vIf(x) = 0 we have

40 < vIB(x)v = v O(x)v. (4.29)

Since v (—=C'(x) + 3\ Luxn) v < —A1 < 0 for all x € O, by Lemma there exists a k* > 0
such that

—C(x) 4+ 3\ Lxn — k EX)F(x)T < 0,0 (4.30)

)
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for every x € K and every k > k*. Define

1
c* = A0+§/\0,
D* = (L+9)CIM| geo(oismxn)s
E* = n2- (4/nB} D" + 2By, C" + ByD* + 2 ByBs +2(B})?) .
Now set
A
h* := min |1, ;
( nVCHfHCO(o;Rn)HM”H"(O;S"X")+E*)
1/(o—1-n/2
N . " " [(e—1-n/2)
= min , .
X0 26| M || go(ossnxny BIM || o 0;5mxmy

Error estimates

Note that the assumptions of Theorem hold true with ¢ = s — 1 and thus so does
the error estimate . Following the idea of [I0, Theorem 2.4], we derive upper bounds
on the approximation error ||[M(x) — S(x)||, for all x € K. The starting point is that for
C1,Cy € C*71(A(Q),S™") the unique solutions M; € C51(A(),S™*"), i = 1,2 to the
linear matrix-valued PDEs

LM;(x) = -Cj(x) for all x € A(f)
satisfying  f(x)T M;(x0)f(x0) = col/f(x0)|3,

exist by Theorem [2.6] and are of the form
M;(x) = / ®(t,0;x)TCy(Six)D(t, 0; %) dt + cof (x)F(x)7.
0
Thus, we obtain

14100 = M0, = | [ 000,007 [Cu(53) - Caf)] 00,030

2

s/ 10(,0: )12 |C1 (Se) — Ca(Six)]l dit
0

ﬂm—amwwmﬁuwwm@w

Using [10, Theorem 2.4] one can show that there are constants p and ¢; such that
[@(,0;x)||y, < cre " for all x € K and all t > 0. And by Theorem we get

o—1-n/2
Sup 1M (x) = Sy < Bh%o ™2 IM | o (ogmen - (4.31)

(VP1) We have for all x; € V7 with (4.31)) that

P(Xk) = M(Xk) — M(Xk) + P(Xk)
= )\OIan - M(Xk:) + S(Xk)
o—1—n A
i <)\0 - </8 hX,é /2) HM||HG(O7Snxn)) Ian t ?OIan >‘ 0n7n.

23



(VP2) We have for all x; € Vr, similarly to above, that
P(xg) = M(xg) — M(xg) + S(x)
o—1-n/2
= (Ao +Bhyq / HMHHU(O;S”X")> Lnxn

A
= <A0 + 20> In><n = C*Inxn

This shows for all simplices G, € T that
P, := max |[|P(x)[|2 < C*.
xe6,

Consider a simplex G, € 7 and let 1 < ¢ < j <n. We show that ”VPZ”1 < D*.
VPl < (1 +:y)IS]le20smxm)
< (L +9)CIM| gooignxny = D7,
where we used inequalities (4.4), (3.5), » < h* <1, and the definition of D*. Thus, we
have, using h, <h < h* <1 and &}, < % < h%, that

h,E, < h,n®-(4/nBy,,|VP;|1 + 2nBy, P, + B2, ||V P
+2hy K}, BoyBay + 2 hy k), BT )
h*n*- (4y/nBy, ,D* + 2nBy, ,C* + By, D* + 2 By, By, + 2 B} )
h*n? - (44/nB}, D* + 2nBy, C* + B3D* + 2 B{B; + 2 (B7})?)
h* E*. (4.32)

IN N

Fix a simplex &, € 7 and let x; be one of its vertices. Then x; € Dy C K. Since
P(xy) = S(x¢) we get by (L3)
Ay(xx) = PV (k) + V(xk) P(xi) + (VB - £(x1))ij=12...n
= SRV (k) + V(xR)"S(xk) + (Vi (xk) - £(xx))ij=12,..n
+((VP] = VSij(x)) - £(xk))ij=1,2,...n

= LSGxe) +me, max[[VEG = VS ()l 9D [£(0)]loo Lnxn

Y e L xE
< IM(xg) + LS(xk) — LM (1) + 0[Sl ey Ellonomn T
=

—C(xk) + (ﬂ h;&é_nﬂ + nh'VC”fHCO((’);R")) M| 5o (05n%n) Inxn,

where the last inequality follows by (3.4) and (3.5). Using hxo < Px.os v < h < R7,
(4.32), we have with the definitions of h* and hx.o

x0—1-n/2

Ay (x1) + Wy By Lxn — mpf(xi)E (k)T = =C(xp) + B0 0 1M o (0.gnxn) Inxn
+nh* (||l coorny 1M || o (05nxn) Inxn
+ B E* Ly — k5 (x)f (x5) T

—C(xp) + 2M1 Lnsen — K5F(xp)E(x5) T

by (4.30) and the definition of K* > 0, since k), > k*. This completes the proof.
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In the next section we demonstrate the applicability of our theoretical results to three exam-
ples. Note that the periodic orbit is displayed in the figures through a numerical approxima-
tion for comparison in orange, but the methods verify rigorously that it exists, is exponentially
stable and they determine a subset of its basin of attraction.

5 Examples

We implemented our methods in C++ and ran the examples on an AMD Ryzen 2700X pro-
cessor with 8 cores at 3.7 GHz and with 64GB RAM. Appendix [B] details how we numerically
solve the generalized interpolation problem from Theorem to compute the approximation
S to the contraction metric M from Theorem [2.6| using RBF.

In order to compute a positively invariant set K for the dynamical systems x = f(x) we use
a procedure motivated by [7]. First we solve numerically the PDE

Zga‘;(x) i(x) = VV(x) - f(x) = /82 + [f(x)[3, 6=107", (5.1)

using RBF. Then we use CPA interpolation Vp of the numerical solution and verify where
VVp(x) - f(x) < 0 holds true. In this area the function Vp is decreasing along solution
trajectories and a sublevel set {x € R™ : Vp(x) < ¢} is necessarily forward invariant, if its
boundary is wholly contained in this area. Note that we only need VVp(x) - f(x) < 0 in a
neighbourhood of the boundary; not on the whole sublevel set. We refer to Vp as Lyapunov-
like function.

The failing points of the Lyapunov-like function (see for example Figure [2)) are the points
where the function Vp is not decreasing along solution trajectories. In order to obtain a
positively invariant set, we need to find a sublevel set of Vp with boundary (level set) that
does not pass through these points.

In the following we apply our method to find a periodic orbit and its basin of attraction
to three examples. The parameters ¢ for the Wendland function and the density of the
collocation grids X and the verification grids were determined by trial and error.

5.1 Unit Circle Periodic
As a first example, we consider the following system

&t = z(1—2%—4y?) -
{z) = yEi—x2—32>>+i (52)

of which the unit circle is an exponentially stable periodic orbit and the origin is an unstable
equilibrium.
We choose B(x) = I3x2 and the collocation points X = %ZQ N{(z,y) € R? : 025 <

Va2 +y? < 1.5} as well as the point xo = (1,0) with ¢g = 1. We use a kernel as in (3.1)),
where ¢(x,y) = Y64(||x — y|2) is given by the Wendland function vs4(r) = (1 — r)1[25 +
2507 + 1,050r2 + 2,250r% 4 2,145r%] and #; = = for > 0 and 2y = 0 for z < 0. The
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Figure 1: Example (5.1). The black dots show the collocation points and the orange curve is the periodic
orbit. We plot the area where the constraints of Verification Problem fail to be fulfilled; in blue if (VP1)
is violated and in red if (VP2) is violated. Where neither is violated the CPA interpolation P fulfills the

properties of a contraction metric.

corresponding Sobolev space is H>*(0;S?*2). The grid X has N = 600 collocation points,
black dots in Figure [I We mark the area where the constraints of Verification Problem [£.7]
fail to be fulfilled; in blue if (VP1) is violated and in red if (VP2) is violated. We used the
scaled down standard triangulation, cf. [7], of the area [—1.6,1.6] x [—1.6,1.6] with 15002
vertices for the CPA interpolation.

Figure 2: Example . The orange curve indicates the periodic orbit. The yellow areas (left) denote the
simplices, where the Lyapunov-like function is not decreasing along solution trajectories. The green curves are
the level set of the Lyapunov-like function, which thus indicate the boundary of a positively invariant set. The
right figure shows the positively invariant set (green), the collocation points (black dots) as well as the blue
area, where (VP1), is not fulfilled and the red area, where (VP2) is not satisfied. The positively invariant set

(bounded by the green curves) is thus a subset of the basin of attraction of a unique periodic orbit within it.

In order to obtain a positively invariant set, we computed a Lyapunov-like function solving
numerically and interpolating the solution. We used the same collocation grid X but an-
other Wendland function 15 3(cr) with parameter ¢ = 0.9 and a triangulation of [~1.65, 1.65]?
with 10002 vertices. In the left-hand side plot of Figure the failing points for the Lyapunov-
like function are marked as yellow dots, and the level set is the curve in green. The periodic
orbit is the curve in orange. In the right-hand side figure, the level set of the Lyapunov-like
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function and the area suggested by our method suitable for the contraction metric are put
together. Then by Theorem the sublevel set is a subset of the basin of attraction of a
unique periodic orbit.

5.2 Van der Pol Oscillator

We consider the van der Pol system, given by

{”:” - Y (5.3)

y = —z+(1-ay

which has an exponentially stable periodic orbit; the origin is an unstable equilibrium.

1 1 1 1 1 1 1 i
-4 -3 -2 - o 1 2 3 a

Figure 3: Example (5.2). The yellow areas denote the simplices, where the Lyapunov-like function is not
decreasing along solution trajectories. The green curves are the level set of the Lyapunov-like function, which

thus indicate the boundary of a positively invariant set.

In this example, we first compute a Lyapunov-like function using the collocation points
X, = (B2 x317) n([-2.3,2.3] x [-3.1,3.1])) N {(z,y) € R* : 0.8 < /z2+y?}, and
the kernel given by the Wendland function 53, with parameter ¢ = 0.7. This results in
N = 6,022 collocation points. Similar to the other example, in Figure [3] the failing points of
the Lyapunov-like function are marked as yellow dots, and an appropriate level set is given
in green. The periodic orbit is presented in orange.

In the next step we use another sublevel set of the Lyapunov-like function to create an
appropriate set of collocation points, namely a hexagonal grid which lies in a slightly larger
sublevel set than the one shown in Figure [3|intersected within the area [—4,4] x [—4,4], see
black dots in Figure[d This results in N = 14,922 collocation points for the calculation of the
contraction metric. Then we use a triangulation of the area [—4,4] x [—3.9,3.9] with 40012
vertices for the CPA interpolation. We choose B(x) = I2x2 as well as the point x¢ = (2,0),
and cp = 1. We use the kernel given by the Wendland function s 4 with parameter ¢ = 0.55.

In Figure 4}, the left-hand side figure illustrates in blue the vertices at which Constraints (VP1)
are not fulfilled, while the right-hand side figure shows in red the vertices of any simplex at
which Constraints (VP2) are not satisfied. In both figures, the black dots represent the set
of collocation points and the periodic orbit is displayed in orange.

In Figure [5] we present all results together, showing that inside the compact, connected,
and positively invariant set, bounded by the green curves, the constraints of the verification
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Figure 4: Example (5.2). The black dots show the collocation points. The blue (left) indicate the area where
(VP1) is not satisfied, and the red (right) indicate the area where (VP2) is not satisfied. The triangulation is

over the area [—4,4] x [—3.9,3.9] with 4001? vertices. The orange curve indicates the periodic orbit.

problem are satisfied. Hence, it is a subset of the basin of attraction of a unique periodic
orbit within it.

Figure 5: Example (5.2). The figure shows the collocation points (black dots) as well as the areas where
(VP1) and (VP2) are not fulfilled in blue and red, respectively. The orange curve indicates the periodic orbit.
The positively invariant set (bounded by the green curves) is thus a subset of the basin of attraction of a

unique periodic orbit within it.

5.3 A Three-dimensional example

We consider the following three-dimensional system from [4], Section 5.3]

i = z(1-22—-y?) —y+0.1yz
v = y(l—22 -y} +2 (5.4)
Z = —z+uxy

which has an exponentially stable periodic orbit.

We choose the parameters of the method in the following way: B(x) = I3x3 and the collocation
points X = (139872 x 0.09Z) N {(z,y,2) € R? : 0.75 < /22 + y% < 1.55, |2 < 0.45} as well
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Figure 6: Example (5.3). The black dots show the collocation points. The blue area (left) indicates the
boundary of simplices where (VP1) is not fulfilled. The red area (right) indicates the boundary of simplices

where (VP2) is not satisfied. The orange curve indicates the periodic orbit.

as the point xo = (1,0,0) with ¢p = 1. We use again the kernel given by the Wendland
function 16 4 with parameter ¢ = 0.55, the corresponding Sobolev space is H®(0;S3*?). This
results in N = 3,256 collocation points. In Figure[6] the black dots are the set of collocation
points, the orange curve is the periodic orbit, the blue area in the left hand-side represents
the boundary of area where (VP1) is not satisfied and the red surface on the right hand-
side is the boundary of area where (VP2) is not fulfilled. We have triangulated the area
[~1.67,1.67] x [-1.67,1.67] x [-0.67,0.67] with 6013 vertices.

Figure 7: Example . The yellow area (left) denotes the boundary of the area where the Lyapunov-like
function is not decreasing along solution trajectories. The green surface is the level set of the Lyapunov-like
function, which thus indicates the boundary of a positively invariant set. The right figure shows the collocation
points (black dots) as well as the boundary of the area where (VP1) is not fulfilled (blue) and the boundary
of the area where (VP2) is not satisfied (red). The positively invariant set (bounded by the green surface in

the middle) is thus a subset of the basin of attraction of a unique periodic orbit within it.

For the Lyapunov-like function we use X = (12Z% x0.1Z) N {(z,y,2) € R® : 0.75 <

Va?+y? < 1.25,|z] < 0.45} as the set of collocation points, and the kernel given by the
Wendland function 15 3 with parameter ¢ = 0.6. In Figure El, a suitable level set of the Lya-
punov function is presented in green, while its failing points are in yellow (left), and the last
figure (right) combines all the calculations, showing that the conditions of the verification
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problem are satisfied within a compact and positively invariant set.

6 Conclusion

In this paper we presented a method to compute and rigorously verify a contraction metric
for exponentially stable periodic orbits. Having a PDE characterization of the contraction
metric, we first used Radial Basis Functions to approximate the solution of the PDE and then
used Continuous Piecewise Affine functions to interpolate that approximation. The conditions
for a contraction metric are then rigorously verified for the interpolation by checking some
constraints at a finite number of points.

Vice versa, we proved that using this method the conditions of the verification problem are
fulfilled, whenever the collocation points are sufficiently dense and the triangulation is suffi-
ciently fine. Thus, our method is able to compute a contraction metric for any system with an
exponentially stable periodic orbit. We demonstrated the applicability of our method by com-
puting contraction metrics for three examples showing different aspects of the computation
and verification process.
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Appendices

A Upper bounds on V

We derive upper bounds on the components of V' in Verification Problem Constants 7
and 8, in terms of f. The constants B;,, i = 0,1,2,3, are upper bounds on the ith order
derivatives of the components of f defined in Verification Problem Further we need the
lower bounds
0 < b, < min |f(x)]]2.
x€6,

We set h(y) = Vi(y) = %( ) — h—Q( ), with functions hi(y) := Hf(y)Hg = f(y)Tf(y), and
f 5f]
) = fily) - (y) ). Then
mZ::l (4 (a " e >

Oh 0% f g*];ihl - ahl Lho

Oxs  0z50z; h? ’
9%h B 3 f B 1 9%hs n @ 9%hy . i6h2 Ohy n iahg Ohy B 27h28h1 Ohy
Or,0xs 0x,0xs0x;  hi 0x,0x h% 0x,0x, h% Oxs Oz, h% 0x, 0x, hi” Ox, Oxg

31



The detailed calculations and estimates for hq are

oh of oh
5, ¥) = 2((y) 5 (y), ’ o (y)‘ < 2nBo, Buy,
9%hy N i of T of
0z, 01 (v) = 2f (y)ﬁx,ﬁxs () +2 (&rr (y)) Oxs ),
02hy (y)| < 2n (Bo,Bsy + BE,)
8$Taxs y — 0,1/ 2,11 17y

and the detailed calculations and estimates for hy are (where we skip the sum over m for
brevity)

ahQ o 8fl afm af] afm 8fm af] a2fm azfj

Oxrs Oz Jm <8xj + 0xm + Oxs \ Ox; + 0xm +ifm 0z ,0x; + 0x,0%m
9?h 0? Ofm . Ofj Oft Ofm (Ofm . Of; 0 02 fm 0% f;
2 _ fl fm f + f] + fl f f + fj + fl fm f + fj
0x,0xs  Ox,.0x Ox; 0xm Oxg Oz, \ Oz, 0xm 0x 0z,.0x;  O0x,0Ty,

8fl afm afm afj a2fm afm afj afm a2fm a2fj
Ox, Oxg <8xj + 0T, + /i 0z, 0T + + i Oxs \ 02,0 + 01, 0T,

Oz; Oz

afl a2fm 82fj afm anm aij
oz, Fm (8%8@ + 02,02 + /i Oz, \ 0xs0x; + 0x,0xm,

_|_

83fm 83fj
+fifm (8%8%8:@- + &crﬁxsc’?xm)

Thus,

Ohs
O
0%hy
0x,0xs

(y)’ S 2” (QBO7VB%:V + B[%’VBQ’V) and

(y)‘ < 2n (6B, B1,yBa, + 2B}, + ngBg,y) .

Finally,

Ooh 4nBy, B}, +2nB2, By, 4n’B3 B,
3 (¥)| < B2y + = ’ + a—

Ls bO,l/ bO,zx

92h 12nBo,, B,y Ba, + 4nB} , 4+ 2nBj , B3,
0x, 0% bg,y

4n’BE ,B1,(5B% ,+ 3By, B2,) 16n3Bi B},
+ I 4 ) 6 I )
bO,V bO,u

(A1)

(Y)‘ S BS,V +

(A.2)

Therefore, we should have By, , and By,, greater than the right-hand side of (A.I)), and
(A.2), respectively.

B Computation of S using mesh-free collocation

In this section, we provide some details about the algorithm, following [4]. To derive explicit
formulas, let us choose a radially symmetric kernel of the form ¢(x,y) = vo(||x — yll2)
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and denote ¥;y1(r) = 19% () for i = 0,1 and r > 0. We assume that ¢; and ty can

r dr
be continuously extended to r = 0; this is, e.g. the case for sufficiently smooth Wendland

functions. We use the kernel ® of the form (3.1)), hence
(- X)ijw = tolll - =xll2)0iudj0- (B.1)

We define £, to be the matrix with value 1 at position (u, ) and value zero everywhere

else. For u < v, we define E}, to be the matrix with value 1/v/2 at positions (u,v) and
(v, ) and value zero everywhere else. It is easy to see that {E}, : 1 < u < v < n} is an
orthonormal basis of S"*". We also define E,, € R"*" to be the matrix with value 1 at

position (u,v) and value zero everywhere else. With the operator L defined as in (2.4) we
define Ly M := LM (x)|,_, .

From Theorem or [4, Theorem 4.2], we obtain that S has the form

S(x) Z T ) [ZLk %)+ )i B

k=1 1<z<]<n

ST LR i + L@ ), >1E}
u,v 1
Wﬁv

+Y Z fz XO f] XO) [Z(p(xﬂvx)i,j,u,uEuu

4,j=1 p=1
1 n
+§ [@(X()? X)ivjnuﬂl/ + Q(X()’ X)i,j,l/“u]E‘qu/} N (B'2)
r=1
HF Y

where the coefficients 7, = (WI(Ci’j))lgigjgn and 7o € R are determined by )\y’j)(S’) = —Cj;(x0)
for 1 <i<j<n,1<¢<N and \(S) = colf(x0)]3-

If the kernel @ is given by (3.1]), then S is given by

Zzﬂ’])ZLk )i ig By

k=11i,5=1 w,r=1

+Bo(x0, %)f (x0)f (x0) " (B.3)
where the coefficients 3, = (ﬁ,(:’] Ji<ij<n € S™*™ and Py € R are given by By = Yo, (Z )=
(” and 5k W) — ,(C &) — %7,(:’]) for ¢ < j.

Usmg (B.3), we can compute S(x) with

-y [ (i = xll2) [V ()85 + BV (1)

=1
+r([[xk — x|l2) (xk — x, £(xx)) Br
+Botbo(llxo — x||2)f (x0)f (x0)" . (B.4)
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In order to compute the coefficients S, let us first calculate the coefficients by ; jy (k)
bO,(k,,u,zz)7 b(ﬂ,i,j),() and b070 for 1 < k,f < N, 1< i,j,,u, v<mn

bo,(kuw) = Wolllxk —xoll2) [Z Vi (%8) fp(%0) £ (%0) + > Vi (k) f(%0) fu(x0)
p=1 p=1

1 ([[xr = Xoll2) (xx — X0, £(x1)) fu(x0) f (%0) (B.5)
boo = to(0)[[f(xo0)ll3- (B.6)
Do gy ery = Polllxr —xell2) [Z Vii(%0) Vi (X1) 60 4 Vi (%0) Vi (1)

+Vip (%K) Vi (xe) + Gips Z Viw (X1) Vipj (Xz)]
p=1

+1([[xk — xell2) (e — %0, £(xk)) [Viui (X0) 005 + 03y Varj (x0)]
b1 (llxk — xell2) (xe — X, £(%0)) [Vipu (1) + 03 Vi (X))
— 1 ([1xx — xell2) (£(xe), £(xx))dip 00
+ba(Ilxk — xell2) (xk — e, £(xx)) (X0 — X, f(Xe)>5 u0jv (B.7)
and b0 = Po(l[xo —xell2) [Z Vpi(xe) fp(x0) fj(x0) + Z Vpj(xe) fp(x0) fi(x0)]
p=1 p=1
+1h1(llx0 — xell2) (x¢ — %o, £(x¢)) fi(x0) f(%0). (B.8)

It is now easy to see that

O(e,ig) (k) = D) (k) (B.9)
bieig) (k) =  Ollpw),(6,if)s (B.10)
boeig) = Dot (B.11)
buigo = Do) (B.12)

(1)

We now compute the 7,""’, which solve the (smaller) linear system

Z Z C(,1,9),(k,u,v) 7(%1/) + C,i,5),070 = LS(XZ)@J'

k=11<u<v<n

AL ()
= —Cyj(xp) (B.13)
Z Y ot oo = cllfxo)ld (B.14)

k= 11<H<V<n

for 1 <¢ < N,1<i<j<n. The coefficients c.. form a symmetric (see below) matrix of size
N"(nH) +1. Let us express the ¢ ; ;) (ku, v) in terms of the previously calculated b ; ;) (k. u,v)-

we have from the first equation for all (¢, 1, j)

Ceipo = bieigo (B.15)
1
gy = 7 O, thamw) T 005 (k) + 0(eig) o) + B0, (ki) (B-16)
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where we assume p < v and 7 < j.

c,0 = boo (B.17)

1
Co,(k,uy) = i(bo,(kw,u)"i_bﬂ,(k,mu)) = bO,(k‘,u,l/)v (B18)

where we assume p < v. The matrix c.. is symmetric due to (B.10)) and (B.12)).

Then we determine 'y( *) and ~o by solving (B.13) and (B.14) and compute 5 € S"*" from
~g; recall that ﬁlgj’z) = B,Ef’]) = %fy,(:”) if 1 < j and B,(CZ’Z) = fy,(;’l) as well as Sy = 7. S(x) is

then given by (B.4).
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