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ABSTRACT. Complete Lyapunov functions for a dynamical system, given by
an autonomous ordinary differential equation, are scalar-valued functions that
are strictly decreasing along orbits outside the chain-recurrent set. In this
paper we show that we can prescribe the (negative) values of the derivative
along orbits in any compact set, which is contained in the complement of the
chain-recurrent set. Further, the complete Lyapunov function is as smooth as
the vector field defining the dynamics. This delivers a theoretical foundation
for numerical methods to construct complete Lyapunov functions and renders
them accessible for further theoretical analysis and development.

1. Introduction. Initial value problems of autonomous differential equations arise
in many applications and define a dynamical system. Many tools have been devel-
oped to study the long-term behaviour of solutions and classify different behaviour
depending on the initial conditions. One of the classical and fundamental tools is a
Lyapunov function, which is a generalization of the energy in a dissipative system.
It is a scalar-valued function, which is non-increasing along orbits of the dynamical
system. Complete Lyapunov functions, introduced by [3, 6], are scalar-valued func-
tions, which are strictly decreasing along orbits outside the chain-recurrent set and
satisfy additional properties for the values on the chain-recurrent set.

A complete Lyapunov function describes the qualitative behaviour of orbits by
separating the phase space into two disjoint areas with fundamentally different be-
haviour of the flow: the chain-recurrent set and its complement, where the flow
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is gradient-like. On the chain-recurrent set the flow is (almost) recurrent, it con-
tains all equilibria, periodic and almost periodic orbits, as well as local attractors
and repellers. The flow on the chain-recurrent set is sensitive to arbitrarily small
perturbations, while the gradient-like flow is robust to sufficiently small perturba-
tions. Moreover, complete Lyapunov functions reveal stability properties of the
chain transitive components of the chain recurrent set as well as the flow between
them.

If the complete Lyapunov function is differentiable, then the conditions can be
expressed by the derivative along solutions, the orbital derivative: points with van-
ishing orbital derivative characterize the chain-recurrent set, while the orbital de-
rivative is strictly negative in the area of gradient-like flow.

The existence of complete Lyapunov functions was first shown on compact phase
spaces [6] and later on noncompact phase spaces [14, 15, 16, 19]. The existence of
C*> complete Lyapunov functions on compact state spaces was shown in [8], and
in noncompact spaces in [12]. The latter proof used the connection of complete
Lyapunov functions to time functions in general relativity [13]; this relation was
first noted by [9] and further explored in [5], which gave the first general existence
results for C*° Lyapunov functions on arbitrary manifolds.

The main condition on complete Lyapunov functions is that the orbital derivative
is strictly negative in the gradient-flow part, i.e. the complement of the chain-
recurrent set. Hence, complete Lyapunov functions are not unique and a natural
question is whether one can prescribe the values of the orbital derivative by a given
negative function on the gradient-flow part.

The main result of the paper is that, indeed, the orbital derivative can be pre-
scribed by an arbitrary, sufficiently smooth function on any compact set, which is
contained in the complement of the chain-recurrent set, see Theorem 2.6. In the
proof we first show that we can reduce the problem to the case where the orbital
derivative is fixed to —1 and then we modify an existing C*° complete Lyapunov
function on the compact set, while preserving it away from it; this is achieved by
modifying it on flow boxes. The resulting complete Lyapunov function is as smooth
as the vector field defining the system.

This result has implications on the numerical construction of complete Lyapunov
functions. There exist a number of numerical approaches to compute complete Lya-
punov functions. One approach divides the phase space into cells and computes the
flow between these cells to construct a complete Lyapunov function [17, 4]. Other
approaches, however, fix the orbital derivative by a prescribed function and use
collocation methods to solve the resulting partial differential equation for the com-
plete Lyapunov function [1, 2] — or optimization methods with a mixture of equality
and inequality constraints [10]. So far no existence result for these approaches us-
ing equations was available. The results of this paper can be used to ensure that
numerical methods for constructing complete Lyapunov functions with prescribed
orbital derivative are successful, and thus they deliver a theoretical foundation for
these methods.

Let us give an overview of the paper: In Section 2 we define complete Lyapunov
functions and state the main result. In Section 3 we prove the results, before we
conclude the paper in Section 4.
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2. Definition & main result. Let U C R" be open and let X: U — R" be C!
with | € NU{oco}, where N := {1,2,3,4,5,...}. We consider the dynamical system
defined by solutions of the ODE & = X (x).

Definition 2.1. The local flow of X is the map ®: Q — U, (¢,p) — P+(p) such
that
(i) Q C R x U is open with {0} x U C Q.
(ii) For every p € U the orbit ¢t — ®;(p) is the unique maximally extended solution
to the initial value problem

Z0(p) = X(Pi(p))
o(p) =p.

Remark 1. (1) The attribute “local” for the flow refers to local in time. We do
not assume that flowlines of X exist on the whole of R for all initial values
peU.

(2) With the regularity assumption on X the existence of ® is implied by the The-
orem of Picard-Lindel6f. Note that the local flow enjoys the same regularity
as the generator X, i.e. ® € C'.

Let us now define the chain recurrent set. We denote by ||.|| the Euclidian norm
on R".

Definition 2.2. Let T > 0 and e: U — (0,00) be continuous. A finite collection
of points pg,...,pm € U (m > 1) is an (g, T)-chain if there exist ¢; > T with

1@, (i) — pitall < e(Pe, (i)
forall0 <i<m—1.

Definition 2.3. A point p € U is chain recurrent for X if for all 7" > 0 and all
continuous €: U — (0, 00) there exists an (¢,T)-chain pg = p,p1,...,Pm = p-

Denote by
Rx

the set of chain recurrent points for X.

Recall that the chain transitive components of the chain recurrent set are the
equivalence classes with respect to the equivalence relation ~, where p ~ ¢ for two
points p,q € Ry if there exists T > 0 such that for all continuous e: U — (0, c0)
there is an (e, T)-chain p = pg,p1, ..., pm = p containing q.

The following definition of Lyapunov functions is very closely related to [5, Def-
inition 1.4]. Here we omit the smoothness of the functions in favor of a lower
regularity and consider only the case of vector fields.

Definition 2.4. Let X: U — R" be C! with [ € NU{co}. The function 7 : U — R
is a Lyapunov function for X if it is C' regular,

#(p) = V7(p) - X(p) <0
for each p € U, and if, at each regular point p of 7, we have 7(p) < 0. Recall that
a point p € U is regular for 7: U — R if V7(p) # 0.

In the following we sometimes write 7 is Lyapunov if the vector field X is
clear from the context, to indicate that 7 is a Lyapunov function in the sense of
Definition 2.4 for X.
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Remark 2. This definition of a Lyapunov function is not the usual one, but par-
ticulary useful when studying numerical methods for the computation of Lyapunov
functions; c.f. [11] where similar Lyapunov functions are referred to as complete
Lyapunov function candidates. Note that a usual strict C* Lyapunov function for
an equilibrium point (or an invariant set I), i.e. a function satisfying 7(p) < 0 for
allp € I and 7(p) = 0 for all p € I, attaining its strict minimum at I, is also a
Lyapunov function in the sense above. On the other hand, a Lyapunov function as
above with the additional assumption that it attains its strict minimum at the equi-
librium (or the invariant set where it is constant), is a usual non-strict Lyapunov
function, i.e. a function satisfying 7(p) < 0 for all p, attaining its strict minimum
at I.

In order to state the theorem we adopt the notion of complete Lyapunov function
from [6, 11.§6.4], see also [12, Definition 4.5]:

Definition 2.5. A Lyapunov function 7: U — R for the vector field X is complete
if it is strictly decreasing along orbits outside of Rx and such that (1) 7(Rx) is
nowhere dense and (2) for t € 7(Rx) the set 771(t) N Rx is a chain transitive
component.

Remark 3. The original definition in [6, I1.§6.4] of a complete Lyapunov function
requires for ¢t € 7(Rx) the preimage 771(¢) to be a chain transitive component.
In general we cannot expect the critical levels of 7 to be equal to chain transitive
components. As an example consider U = R? and a vector field X = y - e; with
X > 0 and x(x,y) = 0 iff (x,y) = (0,0). It is obvious that the chain recurrent set
Rx consists only of the origin (0,0) although the critical level {7 = 7((0,0))} of
any complete Lyapunov function 7: R? — R is strictly larger than {(0,0)}. To see
this note that 7(z,0) > 7(0,0) for z < 0 and 7(z,0) < 7(0,0) for = > 0, because T is
continuous and strictly decreasing along solution trajectories. Thus the critical level
{7 = 7((0,0))} divides the plane into at least two connected components. Since a
single point does not divide the plane we arrive at the conclusion that the critical
level is strictly larger than {(0,0)}.

Remark 4. Our definition of a complete Lyapunov function is stricter than that
of Conley: 7 is C', whereas Conley’s function is merely continuous, and in our
definition p € Rx implies V7(p) = 0, which is not necessarily the case in Conley’s
work, even for a differentiable 7. The advantage of this stricter definition is that
the decrease condition can be written V7 (p)- X (p) < 0 for every p € U\ Rx, which
is much more accessible for numerical methods. Note that a complete Lyapunov
function from Definition 2.5 is also a complete Lyapunov function in the sense of
Conley [6] and it was proved in [12] that such a complete Lyapunov function always
exists, i.e. our definition is not more restrictive.

Now we are ready to state our main result:

Theorem 2.6. Let U C R™ be open and let X: U — R™ be C' with | € NU {oo}.
Then for every compact set K C U\ Rx and every C'-function g: Ux — (—00,0)
defined on a neighborhood Uy of K there exists a complete C*-Lyapunov function

7k: U — R

with 7|k =g and 7 <0 on U \ Rx.
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Remark 5. (a) In the proof we will w.l.o.g. assume that the local flow is com-

plete. Note that for every continuous function f: U — (0,00) the chain
recurrent sets of X and fX coincide.

Further we can choose a C*°-function f: U — R with f|x = 1 such that
the local flow W of fX is complete, i.e.

U:RxU—=U, (t,p)— U (p)

is well defined. Note that U coincides with the local flow of X on K. Further
the set Rx = Ryx is W-invariant. Thus proving Theorem 2.6 for fX instead
of X yields the claim for the initial vector field as well. We will continue to
use the notation X for the vector field under consideration.

Note that the regularity of 7x is in general optimal. As an example consider
a vector field X : R? — R? of the form X (x,y) = x(y)e; for some C'-function
x: R — (0,00) which is nowhere C'*!; e.g. the Ith derivative might be the
Weierstrass function. Let K :=[0,1] x [0,1] C R? and g = —1. By Theorem

2.6 we have a complete C'-Lyapunov function 7x : R? = R with 7x|x = —1.
The flow of X is given by ®(z,y) = (z + tx(y),y) and
Tr(z +tx(y),y) — i (2, 9) = —t (1)

as long as {(z + sx(y),y)| s € [0,]} C K. Assume that 75 is C'*! on an
open set V C K. Choose 0 < tg, (zo,y0) and § > 0 such that
(x+tx(y),y) €V

for all ¢ € [0,t] and all |z — 20| < § and |y — yo| < 6. Since 7x is C'*! by
assumption and for all ¢ and (z,y) € V in question, we have by (1) for all
small enough h > 0 that

TK($+h,y)—TK($,y) _ —1
h x(y)’
in particular
. TK(x+hay)_TK(xay) -1
= 1 == .
T (z,Yy) Jm o o) #0

Further, the level sets {7k = Tk (20, y0)} and {7k = Ti (xo + tox(y0), yo)} are
graphs

{(¢i(y),y)lyel}, =01
of two C'! functions ¢o: I — R and ¢1: I — R respectively, where I C R is
a sufficiently small interval around y9. Hence

—to . TK(¢1(y)7y) — TK(¢0(y)7y) _ -1

P1(y) — do(y) P1(y) — do(y) - x()

i.e. ¢1(y) — do(y) = tox(y) for all y € I, from which y € C'*T1(I) follows, a
contradiction to the assumption.

3. Proof of Theorem 2.6. The proof consists of modifying a sufficiently fast
descending Lyapunov function on K while preserving it away from K. This is
accomplished in Proposition 1. The proposition in turn relies on the main technical
Lemma 3.1, which gives the construction on a single flow box (see definition below).
The proof of the proposition is then a repeated application of the lemma.

By [12] we know that X admits a complete C*°-Lyapunov function, 7’': U — R.
We define flow boxes as follows. For r € R let V,/, be a precompact relatively
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open subset of {7’ = r}\ Rx, i.e. V,/, is open in {7/ = r} \ Rx and the closure
V; r is a compact subset of U \ Rx. The map

@IRXV7/7T—>U\RX7 (t7Q)'_>¢)t(Q)

is a diffeomorphism onto its image. For T' > 0 the set
VT/7.,.7T = (I)((—T, T) X VT/J-) C U\RX

is called a flow bozx, cf. Figure 1.

FIGURE 1. Schematic figure of a flow box V., r.

Choose 711 > ... >ry € Rand V.. C {7/ =r;} \ Rx such that the flow boxes
Vg1 = @((=1,1) x Vo 1)

form an open cover of K, i.e.

N
Kc|JVera

i=1
Choose precompact relatively open subsets Wy ., with V.., C W, .. C {7/ =r;}.
Then the flow boxes satisfy

VT':HJ C WTﬂTrni-‘rl = (I)((_(Z + 1)7 i+ 1) X WT'J%‘)'

Choose a constant 0 < C < oo such that C7/ < —N — 3 on Ui\;l Wes riit1. Set
T:=C7, 8 :=Cry, Vs, :=Vyrp,, W, := Werp), Ve, 1 0= Vir o1, and Wy, i1 1=
Wt rii+1. We then have
N
7(p) < =N —3forall p e U We, it1- (2)

=1
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Recall that a function 7 : U — R is a Lyapunov function for the C'-regular vector
field X if it is C! regular,

7(p) := V1(p) - X(p) <0

for each p € U, and if, at each regular point p of 7, we have 7(p) < 0. Further

recall that a Lyapunov function 7: U — R for the vector field X is complete if it is

strictly decreasing along orbits outside of Rx and such that (1) 7(Rx) is nowhere

dense and (2) for t € 7(Rx) the set 771(t) N Rx is a chain transitive component.
We will deduce Theorem 2.6 from the following modification result.

Proposition 1. Let X: U — R™ be C' with | € NU {00} and let K C U\ Rx
compact be given. If (2) holds, then there exists a complete C'-Lyapunov function
Tr: U — R such that

(1) Tk and T coincide on U\ U, W, i+1,
(i1) VTk - X = =1 on a neighborhood of K, and
(#ii) the critical set of Tx is equal to Rx, i.e. {p € U| Vg =0} = Rx.

Proof of Theorem 2.6. From Proposition 1 we obtain a complete Lyapunov function
T which satisfies all claims of Theorem 2.6 except VTg - X|x¢ = —1 and not
V7k - X|k = g for a given g: Ux — (—00,0). Choose a closed neighborhood Vi of
U\ Ug disjoint from K. Extend g to a negative C!-function on U with gy, = —1

and consider the vector field X, := —X/g. Choose a Lyapunov function 7 for X,
according to Proposition 1. Then we have Vg - X4k = —1 which is equivalent to
VTK-X|K:7;K|KEQ. D

Proposition 1 follows from the next lemma by repeated application.

Lemma 3.1. Let 7: U — R be a complete C'-Lyapunov function and M C U\ Rx
be closed and assume that V1-X = —1 on a neighborhood of M. Let Vs, Ws C {1 =
s} \ Rx be relatively open precompact sets with Vo C Wy and k € N such that

T(p) < —k—3 (3)
for all p € ®([k, k + 1] x W,). Then there exists a complete C'-Lyapunov function
7: U — R with

(i) T=7 on U\ Ws 1 and
(ii) VT - X = —1 on a neighborhood of Vs 1 UM,

where Vs 1 1= ®((—1,1) x V) and Ws 11 := ®((—(k+ 1),k +1) x W) are the flow
boxes around Vy and W.

Remark 6. It is important for the proof of the lemma (see 3" step below) as  well
as for the application to Proposition 1 that M is disjoint from ®([k, k + 1] x W).
The intersection of M with

O({—(k+1)} x W) U®([—(k+1),k] x OWy)
is in general nonempty, though.

Proof of Proposition 1. First note that since we assume that 7 is a complete Lya-
punov function and the critical values of 7 and T coincide, it follows trivially that
Tk is also a complete Lyapunov function.

The construction of Tx proceeds by induction over k = 1,..., N; see Figure 2
for a schematic depiction.
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T=5% r=g33

T = 51

FIGURE 2. Schematic presentation of the sets V;, ; in the con-
struction of the functions 7;.

For k = 1 apply Lemma 3.1 to M = () and Vs 1 = Vs, 1 and W, 2 = W, 2. Condi-
tion (3) is satisfied by assumption (2). This yields a Lyapunov function 71: U — R
with 71 =7 on U \ Wy, 2 and V7 - X = —1 on a neighborhood of V, 1.

Now let £ > 2 and assume that a Lyapunov function 7,_1: U — R with

’7~'}€,1 =T on U\ U Wsi,iJrl

i<k

and
V7i_1 - X = —1 on a neighborhood of U Vs, 1
i<k
has been constructed.
Set M = J; ., Vs;,1- We show that
O([k, ke + 1] x Wo ) N Wey i1 = 0.

i<k
This especially implies ®([k,k + 1] x W, ) N M = (. Assume on the contrary
that for a p € W, and ¢, € [k,k + 1] there exist for an i < k a ¢ € W, and
tg € (—(i+1),i+ 1) such that ®(t,,q) = (tp,p). Then we have ¢ = ®(t, — tq,p)
with t, —t, > 0 and it follows that

S < 85 = T(q) - T((I)(tp - tqap)) < T(P) = Sk,
a contradiction.
Thus we have 71 = 7 on ®([k, k + 1] x W, ). With the assumption of (2) we
conclude that Condition (3) is satisfied.
Now Lemma 3.1 with s = s yields a complete Lyapunov function 74: U — R
with 7y = Tg—1 on U \ W, k+1, 1.e. T, =7 on U \ Ui<kWs, i+1 and

V7 - X = —1 on a neighborhood of U Vi, 1-
i<k

This finishes the induction. Setting 7Tx = 7 completes the proof. O
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Proof of Lemma 3.1. Prelude: The construction will not alter 7 on a neighborhood
of U\Ws i41. It therefore suffices to carry out the construction for T|Ws,k - ensuring
that the new function coincides with 7 on a neighborhood of OW; j11. Recall that
Rx is the set of critical points of the Lyapunov function 7 and W 11 C U \ Rx.
Therefore the restriction of the flow

D: [_(k+ 1)7k+ 1] X W.s—> Ws,k:-‘rl

is a Cl-diffeomorphism. This implies that constructing 7 on Wj 141 is equivalent
to constructing the function 7o ® on [—(k + 1),k + 1] x W, such that it coincides
with

To®: [—(k+1),k+1] x Wy =R
on a neighborhood of the relative boundary

(—(k+1)} x WoU{k+1} x WoU[—(k + 1),k + 1] x Wy,

where OW, := W, \ W,. With the same argument we replace M by the preimage
of M under ®.

Note that since ® is the flow of X we have X (p) = D®(t,q)e; for p = D(¢,q),
where e; is the direction of the R-factor of R x W. Thus 7 o ® is a Lyapunov
function for the constant vector field e; on [—(k + 1),k + 1] x W, because

7(p) = V7(p) - X(p) = V7(p) - DO(t,q)er = V(T 0 ®)(t,q) - e1.

Further, we can equivalently write the orbital derivative V(70 ®) - ey as O, (7 o ®).
The construction will now work with the function 70 ® on [—(k + 1),k + 1] x W
and the constant vector field e;. We will drop the notation 7 o & for simply 7 in
the following.

The proof proceeds in several steps. In the first step we construct 7 in a neigh-
borhood of [~1,1] x Vi. The second step then carefully interpolates 7 with 7 near
{=(k+1)} x Wy in order not to destroy the property that d.,7 = —1 on a neighbor-
hood of M. The third step then takes care of the interpolation near {k 4+ 1} x Wi.
Finally the fourth step interpolates 7 with 7 near [—(k + 1),k + 1] x W, again
carefully in order not to destroy the property that d.,7 = —1 on a neighborhood of
M U[—1,1] x Vi. As a result we obtain a Lyapunov function 7 which coincides with
7 outside of W, 111 and whose orbital derivative on a neighborhood of W UM
equals —1.

1% step:

In this first step we will construct a Lyapunov function 71 on [—(k+1), k+ 1] x Wy
with 9., 71 = —1 on [—1,1] x Vj, see Figure 3.

Choose a smooth monotone function p_: R — [0, 1] with:

(1) p— =0fort < —3/2 and
(2) po=1fort>—-5/4.

Define 7: [—(k+ 1),k + 1] x Wy = R by

7i(t,q) == (1= p-(0)7(t,q) + p—(t) {T(_l’q) B <t ! g)] '
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[—(k+1), k+ 1] x W,

[ —1,1] x V,

]

—3/2 —5/4
FIGURE 3. The first step. Note that M can intersect the boundary

of [-(k+1), k+1]x Wy at {—(k+1)} x W and [—(k+1), k+1) x OWj,
but not at {k + 1} x W; (right side).

It is easy to see that 7, is C'-regular with d.,71 < 0 on [—(k + 1),k + 1] x W, and
Oey 7= —1 on [-5/4,k + 1] x W,. Indeed we have

8617_1 :(1 - H- (t))aelT(ta Q) - /u‘—(t)

+ (1) [T(—l,q) - (t + 2) - T(M)] :

The term
(1= p—(8)0e,7(t, q) — p—(t)

is everywhere negative, since 7 is a Lyapunov function for e; and constant to —1
for t > —5/4. The term

(~1,q) —7(t,q) - (t - ;’)

is negative for —3/2 < t < —5/4 because 7(t,q) > 7(—1,q). Since p’ > 0 and
suppp’ C [—3/2,—5/4] we conclude that 7 is Lyapunov. Note that 7 = 7 on
[—(k+1),-3/2] x W,.
274 step: In this step, we construct a function 75 from 7y, such that Oe, T2 = —1
on an appropriate set involving M and [—1,1] x Vj, see Claim 3.2 and Figure 4.
Fix a neighborhood Uas C [—(k+1),k+1] x W, of M (in the relative topology),
such that 0., 7|y,, = —1. For (¢,p) € M N[-3/2,—5/4] x W, consider the level set

{r=7(t,p)}N[-7/4,—1] x W,.
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\ [—(k+1), k+1] x W,
s —1,1] x V,
. (t,p) \:\

M

- Up

D Urs

FIGURE 4. The second step.

Choose a neighborhood U, of p in W, such that there exists an open interval I,
containing 7(¢, p) and

{re,}n[-7/4,-1 xU, C Uy.

Note that d.,7 = —1 on {7 € I,} N [-7/4,—1] x U, according to the choice of
Ups. By the Implicit Function Theorem there exists a C'-function

bp: Up = [=7/4, 1]

with 7(u,q) = 7(¢,p) iff u = ¢,(q), i.e. a parameterization of a part of the level
set {T =7(t,p)} (if necessary, shrink U,). Note that we can assume (possibly after
further shrinking U,) that

7(u,q) = 7(¢p(9),q) — u + dp(q) (4)

in a neighborhood of {(¢,(q),q)| ¢ € Uy} since the points (¢,(q),q) belong to U,
and 0., 7 = —1 on Uys. Define a function

op: [—(k+1),k+1] xUp, =R,

_ )T 9); for u < ¢,(q)
ap(u> q) T
T(9p(0);q) —u+ ¢p(q)  for u > ¢,(q).
The function o, is C'-regular by (4). Further we have d,,0, < 0 everywhere with

= —Lon {(u.q)| u> d(q)} [~k + 1)k +1] x U,
We select a finite subcover {U; := Uy, }j=1,....r of the compact set

M, :={pe W,| 3t e[-7/4,-5/4] : (t,p) € M}.
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Let {\;}; be a smooth partition of unity subordinate to {U;};. Then

o [-(k+1),k+1x |J U =R,
1<j<R

O(tv q) = Z )‘j (Q)Upj (t7 Q)

is a Cl-function with ;0 = —1 on [~1,k + 1] x (U;U;). Note that ¢ = 7 on
(b + 1), ~7/4] x (U;T;). o

Let Uy be a neighborhood of M (in the relative topology of W) with closure in
U;U; and let v1: Wy — [0,1] be smooth with v1|y, = 1 and suppr; C U,Uj.

Now the function

o [—(k+1),k+1] x Wy = R,
72(t,q) = vi(g)o(t, ¢) + [1 = n(g)n(t q)
is C' and Lyapunov for e;.
Claim 3.2. We claim that d.,72 = —1 on a neighborhood of
MU[-1,1] x V.

Proof of the claim: We have 0,0 = —1 on a neighborhood of [—1, k+ 1] x suppr
and 0., 71 = —1 on [-5/4,k + 1] x W;. Therefore

e, a(t,q) = v1(9)e, 0 (8 q) + (1 = 11())0e, T (t, ) = 1

and the claim is obvious on a neighborhood of [—1,k + 1] x Wy. In particular we
obtain d., 72 = —1 on a neighborhood of (M N [~1,k + 1] x W) U[-1,1] x V5 C
[—1,k+1] x Wi,

It only remains to consider the set M N [—(k + 1),—1) x W, because M C
[—(k+ 1),k + 1] x W,

For (t,p) € M with t € (—5/4,—1) there are two cases: If p ¢ suppr; we
have 79 = 71 in a neighborhood of (t,p). It follows that Je, 70 = 0,71 = —1 in
a neighborhood of (¢,p). If p € suppr; note that Jc,0,, = —1 in a neighborhood
of (t,p) for all 1 < j < N such that p € U;. This implies d,,0 = —1 near (£,p).
Since 0., 71 = —1 in a neighborhood of (¢,p) we obtain again d.,72 = —1 in a
neighborhood of (¢, p).

For (t,p) € M with t € [-3/2,—5/4] we have v; = 1 near p. As in the previous
case we have J,,0 = —1 in a neighborhood of (¢,p), i.e. 0., 72 = —1 near (¢,p).

Finally for (t,p) € M with ¢t € [-(k + 1), —3/2) we again distinguish two cases:
First assume p ¢ suppr;. Then 7 = 7 = 7 in a neighborhood of (¢,p). Since
(t,p) € M we conclude 0,, 72 = —1 near (t,p). Now assume p € suppry. For
1 < i < N such that ¢;(p) is defined, i.e. p € U,,, and t < ¢;(p) we have o, = 7
near (t,p) € M, i.e. 0¢,0p, = —1 near (¢,p). For 1 < ¢ < N such that ¢;(p) is
defined and ¢t > ¢;(p) we have J.,0p,, = —1 in a neighborhood of (¢, p) trivially by
construction. Since 71 = 7 near (¢,p) and (¢,p) € M we also have J., 71 = —1 near
(t,p). Summing up we conclude d.,72 = —1 in a neighborhood of (¢, p).

This concludes the proof of the claim.

3 step: Next we modify 7o on [k, k + 1] x Wy so that it coincides with 7 near
{k+1} x Wy, see Figure 5. We start with estimating 75 (k + 1,¢) from below. Note
that by construction

Tl(k+ 17q) = T<_17q> —k- 5/2
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[—(k+1), k+1] x W,

T 1,1 x V,

FiGURE 5. The third step

and for ¢ € U; we have
op, (k+1,9) = 7(¢p,(0), ) — (k + 1) + &p, (q)
7(=1,q) — (k+1) —7/4,
because ¢, (q) € [~7/4,—1]. Combining both, the definition of 75 implies
To(k+1,q) >7(—1,q9) —k—11/4
for all ¢ € W;. By (3) we have
Tk+1,¢9) <7(kyq)—k—-3<7(-1,9) — k-3

and therefore there exists € € (0,1/2) such that 7 < 75 on [k + 1 — 2,k + 1] x W,
Choose a smooth monotone function py: R — [0, 1] with:

(1) pp =0fort <k+1—2¢ and

(2) pp=1lfort>k+1—¢
Define 73: [—(k+ 1),k + 1] x Wy — R by

73(5,9) 7= (1 = py(8))7a(s, ) + p4 (s)7(s, 9)-

As before we see that 73 is Lyapunov for e;, using 7 < 75 on the support of the
derivative of py. Note that by assumption (3) the sets M and [k, k + 1] x Wy are
disjoint. Since 73 = 75 on [—(k+1),k+1—2¢] x W, and k < k+ 1 —2¢ we continue
to have J,,73 = —1 on a neighborhood of

MU[-1,1] x V.

Moreover, 7 = 73 near {—(k+ 1),k + 1} x Wj.
4t step: Tt remains to interpolate 73 with 7 near [—(k + 1),k + 1] x Wy, see

Figure 6. Choose a neighborhood U, of V; with closure in W, and a smooth function
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[—(k+1), k+1] x W

T 1,1 x V,

FI1GURE 6. The fourth step

vo: Wy — [0, 1] with v5 = 1 on Uy and suppry C W,. Then

i [—(k+1),k+1] x Wy = R,
7_4(37 q) = 7/2((])7'3(3, Q) + (1 - 1/2((]))7'(8, Q)

is a C!-function which coincides with 7 near the boundary of [—(k+ 1),k + 1] x W,
and J,,74 = —1 on a neighborhood of [—1,1] x V, U M. Indeed the property holds
for 73, and for 7 outside of [~1,1] x Vi. Since Va|(_1,1x7; = 1 the claim follows
immediately. Setting 7 := 74 concludes the proof. O

4. Conclusions. We consider a dynamical system, given by the flow of a C'-vector
field X: U — R™. For any compact subset K of the complement of the chain re-
current set U \ Rx and any C'-function g: U — (—00,0), we have established
the existence of a Cl-regular complete Lyapunov function 7 for the system that
fulfills 7(p) = V7(p) - X(p) = g(p) for every p € K. These results are of essen-
tial importance for methods to numerically compute complete Lyapunov functions.
Indeed, they present a major leap forward in analyzing and improving several meth-
ods that rely on solving PDEs or convex optimization problems containing equal-
ity constraints. Note that there exist efficient numerical methods, e.g. based on
set-oriented algorithms [7] or [18], which compute an overestimation of the chain
recurrent set. By fixing the values of the complete Lyapunov function on the com-
plement of the overestimation, i.e. where the flow in gradient-like, one can compute
a complete Lyapunov function and reduce the overestimation of the chain recurrent
set. To compute a complete Lyapunov function, one can fix the values outside the
chain-recurrent set and use inequality constraints 7(p) < 0 on the (overestimation
of the) chain-recurrent set, see [10].
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